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Abstract: The objective of this study is to assess the suitability of the analytical infinite moving line
source (MLS) model in determining the temperature of vertical grouted borehole heat exchangers
(BHEs) for steady-state conditions when horizontal groundwater advection is present. Therefore, a
numerical model of a grouted borehole is used as a virtual reality for further analysis. As a result
of the first analysis, it has been discovered that established analytical methods to determine the
borehole thermal resistance as a mean value over the borehole radius can also be applied to BHEs
with groundwater advection. Furthermore, the deviation between a finite MLS and the infinite MLS
is found to be only less than 5% for BHEs of a depth of 30 m or more, and Péclet numbers greater
than 0.05. Finally, the accuracy of the temperature change calculated with the infinite MLS model
at the radius of the borehole wall compared to the temperature change at a numerically simulated
grouted borehole is addressed. A discrepancy of the g-functions resulting in a poor dimensioning of
BHEs by the infinite MLS model is revealed, which is ascribed to the impermeable grouting material
of the numerical model. A correction function has been developed and applied to the infinite MLS
model for steady-state conditions to overcome this discrepancy and to avoid poor dimensioning
of BHEs.

Keywords: moving line source; groundwater advection; borehole heat exchanger (BHE); darcy velocity

1. Introduction

Ground source heat pump (GSHP) systems represent a valuable CO2-emission-reducing
alternative for heating and cooling of residential and commercial buildings compared to
conventional systems [1–3]. A typical GSHP system consists of a heat pump coupled with
horizontal or, more commonly, vertical borehole heat exchanger (BHEs). According to [2,4],
the increased use of these systems in the last decades can be ascribed mainly to the refocusing
of energy policy in Europe and the significant economic growth in China. Compared to air
source heat pump systems, the efficiency of GSHP systems is better and their environmental
impact is lower [5,6]. However, installation costs are significantly higher, which affects their
economic competitiveness [1,7]. For the design of cost-optimized systems, it is important
to consider all relevant heat transfer effects of the ground source and to include as many
geological characteristics for site-specific system tuning as possible.

One main criterion for the design of vertical BHEs is a given limit for its minimum or
maximum operating temperature [8–11]. The operating temperatures can be calculated
either by numerical simulations, which are highly flexible but are accompanied by the
expense of high computational and memory demand, or by (semi-)analytical models. The
latter provides compact solutions that are only valid for particular conditions and that often
represent conceptual simplifications of the true settings in the field. In practice, straightfor-
ward tools such as Earth Energy Designer (EED) [12], Ground Loop Heat Exchanger Design
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Software (GLHEPro) [13], Program EWS (EWS) [14], and GEO-HANDlight [15] are widely
used for the dimensioning process of BHEs [9]. Operating temperatures of BHEs in these
programs are calculated by superposing the temperature change at the borehole wall and
within the borehole itself, which are both due to the thermal loads (extraction or injection
of heat), on undisturbed ground temperature. These two different temperature changes are
commonly derived by established procedures: the temperature change at the borehole wall
or further away in the subsurface is computed by extensions of the instantaneous point
source model [16]. A resistance model (the borehole resistance Rb, partially extended by
thermal capacities) is applied to the temperature change in the borehole [12–17].

The calculation of the effective thermal borehole resistance is generally based on the
multipole method developed by Bennet et al. [18]. It determines the thermal borehole
resistance for steady-state conditions within a grouted, sealed borehole [19]. Advanced
multipole methods provide equations to calculate the borehole resistance based on the
average temperature at the borehole wall in a composite region [20]. In this way, both
the cross-section perpendicular to the borehole axis with BHE pipes and the surrounding
ground are modeled using heat conduction, which leads to radially symmetric heat transfer
in and around the borehole. In shallow ground, a second heat transport process can
play an important role, which is advection caused by groundwater flow. However, the
compatibility of this analytical method for the calculation of the borehole resistance for
BHEs with advection (non-radially symmetric heat transfer around the borehole) has not
been examined in detail.

For BHEs, the most prevalent model for the determination of temperature change in
the subsurface and at the borehole wall is the finite line source model, which was numer-
ically simulated by Eskilson [21]. The simulation results are saved as non-dimensional
thermal response functions, so-called g-functions [22]. The g-function for one single bore-
hole depends on dimensionless time t/ts, which is defined as the ratio of the considered
time t to the steady-state time ts as determined by Eskilson [21], and the dimensionless
geometry rb/H [21]. If a borehole field of several interacting BHEs is considered, additional
parameters such as the number and arrangement of the boreholes, and the distance between
them, have an impact on the g-function as well. Furthermore, Eskilson [21] introduced
the analytical solution of the finite line source for steady-state conditions including an
isothermal boundary condition at the surface. Using the latter for dimensioning purposes,
Esklison [21] recommended the application of the volume conservation principle in order
to define the mean temperature at the borehole wall at steady-state conditions. In contrast,
Zeng et al. [23] suggested using the integral mean temperature, which leads to nearly the
same equation. Both the numerically determined transient g-functions of Eskilson [21]
and the analytical finite line source model for steady-state conditions account for heat
conduction in a homogeneous subsurface, thereby ignoring heterogeneity or advection
associated with groundwater flow.

Several studies investigated analytical models, which consider both conductive and
advective heat transport in the subsurface for configuring BHEs [7,16,24–35]. For instance,
Claesson et al. [27] introduced a groundwater g-function, which is used to reduce the
values computed by a g-function for heat conduction. This results in an effective g-
function for calculating the temperature change at the borehole wall in a uniform regional
groundwater flow field [26,27]. The most common representation of groundwater flow
effects is accomplished with the so-called ‘moving line source’ (MLS) [34]. Using the
MLS model, a BHE without grouting and a considerable borehole diameter completely
embedded in an aquifer can be simulated to determine its temperature change [29,30,34].
Chiasson et al. [26] investigated three analytical solutions for the heat transfer characteristics
around BHEs with significant groundwater flow. The first model is the infinite MLS.
The second one is the groundwater g-function as presented by Claesson et al. [27] and
the third model uses a mass-heat transport analogy. By evaluating thermal response
test data, they yielded unrealistic values for the effective thermal conductivity using
the MLS and the groundwater g-function solution. The mass heat transport analogy
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regarding thermal dispersion yields the best results, implying that thermal dispersion is
important for relatively high groundwater flow rates [26]. However, all three solutions
determined borehole resistance values in the same range as the multipole method, with
differences of about 6%. This indicates that the multipole method can also be applied
for BHEs with advection. Tye-Gingras et al. [36] presented a model to determine the
time-dependent ground response functions of BHE fields with groundwater advection.
Therefore, a combination of the infinite cylinder source for short times and the finite MLS
for larger times and a significant flow velocity is used. Zhang et al. [35] combined the
multipole method according to Hellström [37] with the finite MLS solution of Molina-
Giraldo et al. [32]. The models for the heat transfer inside (multipole method) and outside
the borehole (finite MLS solution) are coupled by an iterative procedure [35]. The outlet
temperature is iteratively defined for a known inlet temperature and the mass flow rate of
the U-tube. However, the model is only validated with the TRT-data of an area without
groundwater flow [35].

Previous investigations dealing with the use of the MLS to determine the tempera-
ture change in the subsurface, e.g., [16,25,26,29,32,38,39], mostly neglect the effect of an
impermeable, grouted borehole. Instead, the BHE is treated as a linear source surrounded
by homogeneous ground with constant horizontal groundwater flow velocity. In order to
account for the reduced groundwater flow within the grout, Wagner et al. [40] proposed a
correction factor, which does not further resolve the heat transfer processes of the borehole
and, strictly speaking, is only valid for a given geometry, borehole radius, and grout speci-
fication. Tye-Gingras et al. [36] recommended the use of the finite MLS for Péclet numbers,
but only up to 0.1 in order to keep the error margin of the dimensionless response function
under 3%. The deviations due to the differences of the assumptions of the analytical model
and a grouted borehole are significant for larger Péclet numbers and, in contrast to pure
heat conduction, do not decrease with time [36].

The objective of our study is to develop a generally valid infinite MLS implementation
that accounts for the effect of the grout. Although the use of real measurement data would
be more valuable for validation purposes, highly reliable thermal test data of a grouted
borehole including hydraulic testing of the aquifer is extremely rare. Therefore, a detailed
numerical model consisting of a cross section of a grouted borehole is used as virtual
reality to compare the temperature change at the borehole radius rb, determined by the
infinite MLS, with the temperature occurring at the grouted borehole. The analytical
model assumes that the groundwater flows horizontally directly around the vertical heat
source, i.e., that heat conduction and advection occur within the borehole, which differs
strongly from the real situation. For the case without grouting, the numerical and analytical
model agree. In addition, horizontal groundwater flow induces a non-radial temperature
distribution around the borehole; it must be examined whether this affects the borehole
resistance and to what extent existing analytical methods to calculate the borehole resistance
can still be used. An extra focus is placed on the validity of the infinite implementation
of the MLS. Clearly, BHEs are better represented by finite lines and by including the
three-dimensional effects from the ground surface and the borehole toe. The infinite MLS
does not account for these but is a popular simplification and is easier to implement for
BHE simulation than the finite MLS. As horizontal advection due to groundwater flow
is expected to reduce the relative impact of the axial heat flow components at the top
and bottom of a BHE, the infinite MLS may serve as a sufficient estimate, especially for
dimensioning longer BHEs.

2. Materials and Methods
2.1. Infinite Moving Line Source

The infinite MLS model can be used for problems in which either sources of heat
move through a fixed medium or for cases of heat production at a fixed point past which a
uniformly moving medium flows [41]. For the sake of simplicity, the model will henceforth
be presented using the formulation of a heat source, although a negative load can be used
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to represent a heat sink. The derivation of the infinite MLS model is briefly described
below. Based on the differential equation formulation of Bear [42] for an aquifer in a porous
medium, Sutton et al. [34] transformed the two-dimensional differential energy equation
using the effective (volume-weighted) thermal diffusivity αe f f of the porous matrix and
the groundwater flow direction parallel to the axis of x:

∂ϑ

αe f f ∂t
=

(
∂2ϑ

∂x2 +
∂2ϑ

∂y2

)
−

Ue f f ∂ϑ

αe f f ∂x
(1)

Herein Ue f f is the weighted flow velocity, which is deduced from the differential
equation using the Darcy velocity υDarcy, which is defined as:

Ue f f =
ρ f cp, f υDarcy[

φ ρ f cp, f + (1− φ) ρs cp,s

] (2)

Adding the following initial and boundary conditions (IC and BC, respectively) to the
differential Equation (1) allows for the use of Green’s function to determine the impulse
response [41]:

• an initial temperature of the porous medium of zero (IC),
• a continuous source of constant strength

.
q(t) generated at the point P(x′, y′) = (0, 0)

from t = 0 onwards (BC),
• a surface temperature of zero located at infinity (BC).

The transient solution of the differential Equation (1) for the listed conditions is given
by Sutton et al. and Carslaw et al. [34,41]:

∆ϑ =

.
q

2 π λe f f


e

Ue f f (x−x′)
2 αe f f

2

∫ t

0

e
−
[
(x−x′)2+(y−y′)2

4 αe f f (t−τ)
+

U2
e f f (t−τ)

4 αe f f

]
(t− τ)

dτ

 (3)

Herein λe f f represents the effective (volume-weighted) thermal conductivity and αe f f
the corresponding thermal diffusivity of the porous medium. Sutton et al. [34] reformulated
Equation (3) in polar coordinates (r, ϕ) while using the generalized incomplete gamma
function Γ(a, x; b) [43] and the dimensionless parameters Fo (dimensionless time) and Pe
(ratio of advective to diffusive heat transport component) for the temperature evaluation at
the borehole wall (r = rb).

∆ϑ =

.
q

2 π λe f f

{
e

Pe
2 cos(ϕ)

2
Γ

(
0,

1
4 Fo

;
Pe2

16

)}
(4)

with: Pe =
Ue f f rb

αe f f
(5)

Fo =
αe f f t

r2
b

(6)

Equation (4) gives the transient temperature change due to an infinite MLS at the
borehole wall of a single BHE. The lack of radial symmetry of the thermal conditions around
a BHE with groundwater advection (see Figure 1) urges the use of the angular component ϕ,
with ϕ = 0 representing the groundwater flow direction in the plane perpendicular to the
heat source and corresponding to the point directly downstream of the BHE (see Figure 1).

Since the infinite MLS represents the BHE as an infinite line source, three-dimensional
effects at the top and bottom of a BHE are neglected as well as the impact of, for example,
temperature fluctuations at the ground surface. Rivera et al. [44] investigated the influence
of spatially variable ground heat flux on closed-loop BHEs. They found that in cases
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with groundwater advection, the penetration depth of thermal ground surface effects
is restricted to the downstream side of the thermal plume. They then revealed that the
extraction rate of the BHE represents the most important parameter in areas close to the
BHE and at greater depth [44]. Furthermore, it is assumed that the subsurface consists
of a homogeneous medium without temperature-dependent thermophysical properties.
Consequently, the impact of a sealing grouting material, which differs in several material
properties from the surrounding subsurface, is also neglected.
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For steady-state conditions the generalized incomplete gamma function disappears
and the modified Bessel function of the second kind K0 is used, so that Equation (4) reduces
to:

∆ϑ =

.
q

2 π λe f f

{
e

Pe
2 cos(ϕ) K0

(
Pe
2

)}
(7)

Integrating Equation (7) over the angle ϕ from 0 to π and dividing the result by π
yields the mean temperature at the borehole wall. The integration of Equation (7) over ϕ
leads to the use of the modified Bessel function of the first kind, I0, resulting in the following
equation:

∆ϑ =

.
q

2 π λe f f

{
I0

(
Pe
2

)
K0

(
Pe
2

)}
(8)

Based on this, Sutton et al. [34] presented a procedure to determine whether to use the
transient solution or the steady-state solution of the infinite MLS model.

Analogous to Eskilson’s definition of a g-function [21], Equation (8) can be rewrit-
ten to obtain a groundwater g-function for steady-state conditions and the described
simplifications of an infinite MLS, resulting in:

gGW,End,IMLS(Pe) = I0

(
Pe
2

)
K0

(
Pe
2

)
(9)

Using this approach implies that the temperature change in the subsurface with
groundwater flow is directly proportional to the heat extraction or injection and inversely
proportional to 2 π λe f f . Furthermore, the temperature change strongly depends on Pe.

2.2. Finite Moving Line Source

In order to estimate the error of ignoring axial effects, a comparison of the infinite to
the finite model variant is carried out. The mean integral temperature over the borehole
radius (r = rb), and the borehole length H of the steady-state solution of the finite MLS
with an isothermal boundary condition at the surface is deduced from the steady-state
solution of the moving point source [41]:
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∆ϑ(x, y, z) =

..
q

4 π λe f f

√
(x− x′)2 + (y− y′)2 + (z− z′)2

e
−ν (
√

(x−x′)2+(y−y′)2+(z−z′)2−(x−x′))
2 αE (10)

Integrating z′ in the steady-state solution from Equation (10) over the length H and
using the method of image results in the finite MLS. The steady-state solution of the finite
MLS in cylindrical coordinates and with an isothermal boundary condition for the mean
temperature change, averaged over the angle and the length, is stated as:

∆ϑ(r, H, Pe) =
.
q

2 π λe f f

 I0( Pe
2 )

2 H
∫ H

0

∫ H
0

 e

−Ue f f (

√
r2+(z−z′)2)

2 αe f f√
r2+(z−z′)2 − e

−Ue f f (

√
r2+(z+z′)2)

2 αe f f√
r2+(z+z′)2

 dz′ dz

 (11)

The associated g-function is:

gGW,End,FMLS(r, H, Pe) =
I0

(
Pe
2

)
2 H

∫ H

0

∫ H

0

 e
−Ue f f (

√
r2+(z−z′)2)

2 αe f f√
r2 + (z− z′)2

− e
−Ue f f (

√
r2+(z+z′)2)

2 αe f f√
r2 + (z + z′)2

 dz′ dz (12)

For BHEs, generally an isothermal boundary condition representing the mean ground
surface temperature is used for dimensioning purposes.

2.3. Numerical Model

In order to examine the applicability of the analytical infinite MLS solution for the
temperature calculation at the borehole wall of grouted BHEs, a finite element-based nu-
merical model considering all relevant heat transfer processes in the subsurface caused by a
grouted BHE is developed in COMSOL Multiphysics® [45]. Equivalent to the assumptions
of the analytical model, a two-dimensional numerical model is set up, similar to that of
Lazzari et al. [46]. In this way, the focus is set on the role of the grout, while keeping
calculation time low. The error caused by ignoring the three-dimensional effects of a finite
borehole is subsequently evaluated by comparison with the finite MLS (Equation (11)).

The numerical model accounts for the coupled conductive and advective heat trans-
port in a uniform porous subsurface. The porous medium is simulated, assuming a local
thermal equilibrium of the fluid and the porous matrix, with volume-averaged properties
of both phases, based on Equation (1) [47]. The groundwater flow is modeled by Darcy’s
law, assuming a uniform flow field with the pressure gradient as the driving force in
the hydraulic potential field. Combining the heat transfer in the porous media interface
with Darcy’s law interface warrants the common approach of a homogenization of the
porous and fluid medium into one representative medium, i.e., no detailed model on
pore-scale is necessary [48]. This requires that homogenization is feasible and that local
effects of hydraulic parameter heterogeneity describing the ambient ground conditions can
be ignored.

A grouted borehole with radius rb and a centered heat source in the grouting material
is embedded in the simulated ground and is treated independently, particularly with regard
to heat transfer processes and its boundary conditions towards the subsurface. Since the
grouting of boreholes is applied to seal the borehole against the adjacent subsurface, the
grouting material is modeled using heat conduction only, so that no groundwater flow
occurs within the borehole itself. The model allows for different thermal properties of
the grouting material in the borehole and the porous medium around the borehole. As is
common in related works (e.g., [13]), the heat exchanger pipes are not modeled explicitly
but represented by a concentric heat source in the grouted borehole.

For the purpose of examining the thermal borehole resistance model for BHEs with
groundwater advection, the numerical model is slightly modified. The point heat source is
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replaced by a centered hole in the grouting material. This simplified geometry represents a
coaxial BHE or the equivalent radius for a U-tube or double-U-tube [49]. The simplification
of replacing the (double-)U-tube by an equivalent radius is common practice in the analyti-
cal modeling of BHEs, especially for short-time analysis [50–54]. Lamarche et al. [55] have
shown that the results between an analytical model with equivalent radius and a detailed
numerical model are in favorable agreement.

To test a broad spectrum of conditions, a parameter study consisting of 6336 model runs
is conducted, with varying subsurface and grouting material properties. Table 1 shows all
examined parameter values and ranges, covering Darcy velocities from 2.94 cm/day up to
8.81 m/day. This range corresponds to the velocities investigated in related work [29,34,40,45].
A preparatory sensitivity analysis was conducted to define the necessary numerical simulation
domain and grid geometry. As a result, a suitable domain of 70 m × 30 m was determined,
along with a borehole at a 10 m distance of the groundwater inflow (see Figure 2). A
triangulated mesh containing 12,730 elements (Figure 2) was generated with the highest
resolution in the immediate vicinity of the heat source/sink (in the BHE). The mesh increases
uniformly towards the borehole wall and continues to increase in the subsurface while the
temperature gradient declines. The thermal boundaries are set at a constant temperature,
identical to a given initial temperature, except for the downstream boundary with an outflow
condition implemented to compute the temperatures here for each simulated scenario [45].
Given this model setup with an identical setting and a homogeneous, porous subsurface with
no grouting, numerically derived g-function values were compared with infinite MLS results.
Relative discrepancies for the simulations with the parameter value ranges given in Table 1
were found to be less than 3%, with an absolute deviation of less than 0.01 K and a standard
deviation of 0.00084 K.

Table 1. Examined parameter ranges for the comparison between the numerical model and the
infinite MLS.

Parameter Description Unit Value Range

Darcy velocity υDarcy cm/day 2.94 up to 881.28
Thermal conductivity of the solid phase λs W/(m·K) 1.0 2.0 3.0 4.0

Porosity of the subsurface Φ - 0.1 0.3 0.5
Thermal conductivity of the grouting

material λgrout
W/(m·K) 1.0 2.0

Borehole radius rb m 0.06 0.075 0.09 0.105

Resulting Péclet numbers Pe - 0.1 up to 10

Initial and boundary temperature ϑE,0
◦C 10

heat extraction rate
.
q W/m −20

2.4. Correction of Infinite MLS and Application to BHE Design

As revealed by Wagner et al., Van de Ven et al. and Wagner et al. [40,56,57], there is a
deviation between the real temperature change at the wall of a grouted borehole and the
corresponding temperature change calculated with the infinite MLS model. This deviation
is ascribed to the different thermal and hydraulic properties of the grouting material and
the subsurface. Since the operating temperature is often the limiting parameter for the
dimensioning of BHEs, it is crucial to attain the correct temperature change of the BHE in
the design process. Therefore, the aim of this paper is to overcome the addressed deviation
by introducing a generally valid correction function fcor which allows for the adjustment
of the infinite MLS model. This follows the same idea as the correction factor presented by
Wagner et al. [40] for relating the effective Darcy velocity derived from a thermal response
test to the “true” Darcy velocity in the surrounding ground.
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The deviation between the numerical model with grouting and the analytical model
without grouting is taken as correction in order to make the analytical model applicable for
a grouted borehole. Consequently, the correction function here is defined as the ratio of
the g-function of the grouted borehole as determined by the numerical model and of the
g-function resulting from the infinite MLS:

fcor =
gGW, End,num

gGW,End, IMLS
(13)

The values or correlations that define fcor are deduced by comparison with the numeri-
cal model. Knowing fcor, the mean undisturbed subsurface temperature ϑE,0, as well as the
borehole resistance Rb, the mean fluid temperature in a borehole ϑBHE,End at steady-state
conditions can then be calculated using Equations (9) and (13) as follows:

ϑb,End = ϑE,0 +
.
q

(
fcor gGW,End,IMLS

2 π λe f f
+ Rb

)
(14)

A prerequisite for the presented method is that the Darcy velocity and the thermal
conductivity of the subsurface are known. These can be determined by laboratory testing
of material properties or by using a thermal response test and the method found by Wagner
et al. [40]. Furthermore, an average Darcy velocity can be estimated with the use of
hydrogeological maps, site-specific pumping or tracer tests.

3. Results and Discussion
3.1. Compatibility of the Thermal Borehole Resistance Model for BHEs with Groundwater Advection

To implement the infinite MLS model in design programs, it has to be assessed if
the non-radial temperature distribution at the borehole wall can be averaged and then
be used to determine the borehole resistance for BHEs under the influence of advection.
Therefore, a steady-state simulation with groundwater flow and a 48-hour transient simu-
lation without groundwater flow are conducted, and the numerical results are compared
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with the analytical solution of heat conduction in an annulus. The BHE is considered to
be perfectly sealed for horizontal groundwater advection in the surrounding subsurface
so that only heat conduction occurs within the grouting material of the borehole. The
temperature distribution around the borehole depends on groundwater flow velocity and
direction and thus the computed borehole resistance differs depending on the observed
angle. However, averaged over the borehole wall, the value of the thermal resistance is
the same as without groundwater flow. An excerpt of the results is shown in Table 2. The
maximum deviation between the thermal borehole resistances is less than 1% and can
be ascribed to the accuracy of the numerical solution. Hence, it can be concluded that
the multipole method for the determination of the thermal borehole resistances is also
applicable to BHEs with groundwater advection. However, it is a prerequisite that the
correct temperature at the borehole wall is calculated.

Table 2. Comparison of thermal borehole resistance calculations by numerical and analytical models.

Borehole
Radius

rb

Thermal
Conductivity
of the Grout

λgrout

Darcy
Velocity
υDarcy

Numerical
Simulation

with Advection

Numerical Simulation
without Advection Analytical Solution

Thermal Borehole
Resistance Rb

Thermal
Borehole

Resistance
Rb

Percentage
Deviation

Thermal
Borehole

Resistance
Rb

Percentage
Deviation

m W/(m·K) m/s (m·K)/W (m·K)/W % (m·K)/W %

0.060 1.0 3.40 × 10−6 0.2102 0.2096 −0.26% 0.2104 0.09%
2.0 3.40 × 10−6 0.1051 0.1048 −0.26% 0.1052 0.09%
1.0 1.70 × 10−5 0.2102 0.2096 −0.26% 0.2104 0.09%
2.0 1.70 × 10−5 0.1051 0.1048 −0.26% 0.1052 0.09%
1.0 3.40 × 10−5 0.2102 0.2096 −0.26% 0.2104 0.09%
2.0 3.40 × 10−5 0.1051 0.1048 −0.26% 0.1052 0.09%
1.0 1.70 × 10−4 0.2102 0.2096 −0.26% 0.2104 0.09%
2.0 1.70 × 10−4 0.1051 0.1048 −0.26% 0.1052 0.09%

0.105 1.0 3.40 × 10−6 0.2991 0.2973 −0.61% 0.2994 0.10%
2.0 3.40 × 10−6 0.1496 0.1487 −0.59% 0.1497 0.10%
1.0 1.70 × 10−5 0.2991 0.2973 −0.61% 0.2994 0.10%
2.0 1.70 × 10−5 0.1496 0.1487 −0.59% 0.1497 0.10%
1.0 3.40 × 10−5 0.2991 0.2973 −0.61% 0.2994 0.10%
2.0 3.40 × 10−5 0.1496 0.1487 −0.59% 0.1497 0.10%
1.0 1.70 × 10−4 0.2991 0.2973 −0.61% 0.2994 0.10%
2.0 1.70 × 10−4 0.1496 0.1487 −0.59% 0.1497 0.10%

3.2. Applicability of the Infinite MLS Model to Finite Boreholes

The inaccuracy caused by using the infinite MLS instead of the finite MLS and, thus,
by neglecting the three-dimensional effects at the surface and bottom of a finite BHE, is
investigated by comparing both models for a broad range of parameters. Since the error
between the infinite MLS and the finite MLS decreases with borehole length, only small
borehole depths from 10 m up to 50 m are examined for all parameter value combinations
given in Table 1.

The percentage deviation of the g-functions of the infinite MLS and the finite MLS
with an isothermal boundary condition at the Earth’s surface is calculated according to
Equation (15) and exemplarily depicted in Figure 3a) for a borehole radius of 0.075 m and
in Figure 3b) for a borehole depth of 30 m.

gGW,End,IMLS − gGW,End,FMLS

gGW,End,FMLS
(15)



Geosciences 2021, 11, 410 10 of 19

Geosciences 2021, 11, x FOR PEER REVIEW 10 of 20 
 

 

between the infinite MLS and the finite MLS decreases with borehole length, only small 
borehole depths from 10 m up to 50 m are examined for all parameter value combinations 
given in Table 1. 

The percentage deviation of the g-functions of the infinite MLS and the finite MLS 
with an isothermal boundary condition at the Earth´s surface is calculated according to 
Equation (15) and exemplarily depicted in Figure 3a) for a borehole radius of 0.075 m and 
in Figure 3b) for a borehole depth of 30 m. 𝑔 , , − 𝑔 , ,𝑔 , ,  (15) 

As expected, the deviation between both models declines with increasing borehole 
depth and Péclet numbers as well as with decreasing borehole radius. For boreholes with 
a length of 30 m or more, the deviation is less than 5% for Pe ≥ 0.06. This reveals that a 
small error is introduced by neglecting the three-dimensional effects at the top and the 
bottom of a BHE that is influenced by horizontal groundwater flow. 

Molina-Giraldo et al. [32] investigated the three-dimensional effects of a BHE with 
advection as well, but the Péclet number is expressed by setting the characteristic length 
to the borehole length (H = 50 m) (i.e., replacing rb by H in Equation (5)). Translating the 
findings of Molina-Giraldo et al. [32] for a BHE with a length of 50 m, the discrepancy 
between the finite and the infinite MLS becomes irrelevant for Pe ≥ 0.015. The investigated 
range here does not cover such small Péclet numbers as by Molina-Giraldo [32], but the 
results are consistent. Furthermore, the infinite MLS model calculates (slightly) larger 
g-functions and, as a result, a greater temperature change than the finite MLS model. 
Hence, the infinite MLS model is the more conservative model and therefore favorable for 
designing BHEs of 30 m and more. 

 

Figure 3. Percentage deviation of the g-functions calculated with the infinite and finite MLS with an isothermal boundary 
condition at the ground surface (a) for a borehole radius of rb = 0.075 m and (b) a borehole length of H = 30 m. 

3.3. Steady-State Thermal Conditions at the Wall of a Grouted Borehole 
To characterize the deviation between the numerical and analytical infinite MLS so-

lution, the steady-state thermal conditions at the outside wall of a grouted borehole are 
investigated. The computed discrepancy for different borehole radii depending on the 
Darcy velocity is shown in Figure 4. The relative error between the g-function of the ana-
lytical solution and the numerical simulation is calculated according to: 𝑔 , , − 𝑔 , ,𝑔 , ,  (16) 

Figure 3. Percentage deviation of the g-functions calculated with the infinite and finite MLS with an isothermal boundary
condition at the ground surface (a) for a borehole radius of rb = 0.075 m and (b) a borehole length of H = 30 m.

As expected, the deviation between both models declines with increasing borehole
depth and Péclet numbers as well as with decreasing borehole radius. For boreholes with a
length of 30 m or more, the deviation is less than 5% for Pe ≥ 0.06. This reveals that a small
error is introduced by neglecting the three-dimensional effects at the top and the bottom of
a BHE that is influenced by horizontal groundwater flow.

Molina-Giraldo et al. [32] investigated the three-dimensional effects of a BHE with
advection as well, but the Péclet number is expressed by setting the characteristic length
to the borehole length (H = 50 m) (i.e., replacing rb by H in Equation (5)). Translating the
findings of Molina-Giraldo et al. [32] for a BHE with a length of 50 m, the discrepancy
between the finite and the infinite MLS becomes irrelevant for Pe ≥ 0.015. The investigated
range here does not cover such small Péclet numbers as by Molina-Giraldo [32], but the
results are consistent. Furthermore, the infinite MLS model calculates (slightly) larger
g-functions and, as a result, a greater temperature change than the finite MLS model.
Hence, the infinite MLS model is the more conservative model and therefore favorable for
designing BHEs of 30 m and more.

3.3. Steady-State Thermal Conditions at the Wall of a Grouted Borehole

To characterize the deviation between the numerical and analytical infinite MLS
solution, the steady-state thermal conditions at the outside wall of a grouted borehole
are investigated. The computed discrepancy for different borehole radii depending on
the Darcy velocity is shown in Figure 4. The relative error between the g-function of the
analytical solution and the numerical simulation is calculated according to:

gGW,End,num − gGW,End,IMLS

gGW,End,num
(16)

It is revealed that the error gradually increases with increasing Darcy velocities. This
is mainly caused by the rapidly sinking g-function values with increasing Darcy velocity.
The derived curves for different radii are not identical but have a similar shape.

Investigating the deviation between both models depending on the effective thermal
conductivity λe f f of the subsurface and the Darcy velocity vDarcy, shows that the discrepancy
decreases with higher values of λe f f and lower values of vDarcy, as depicted in Figure 5. Both
parameters have an effect of the same order of magnitude but in opposite directions, which
means that, for example, the effect of an increased thermal conductivity can be compensated
by a corresponding increase in Darcy velocity. Thus, the fraction, i.e., the relative role, of
Darcy velocity (advection) and thermal conductivity (diffusion) is crucial. The relative role
of advection and diffusion is expressed by the Péclet number according to Equation (5),
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which also includes the borehole radius as a length scale. Therefore, the combined effect of
advection and diffusion for assessing the accuracy of the analytical model can be summarized
in Figure 6, which confirms the rising deviation of the g-functions for a higher Péclet number.
A high effective thermal conductivity λe f f requires a greater Darcy velocity to reach the same
Péclet number in comparison to lower λe f f . However, this barely influences the deviation of
the infinite MLS, as shown in Figure 6. Thus, it can be concluded that the higher the overall
influence of advection, the greater the error.
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3.4. Correction Function

By introducing a correction function for the groundwater g-function for steady-state
conditions, the temperature change at the borehole wall of a grouted borehole can be
determined. Therefore, the results of the analytical and numerical solutions are related by
Equation (13) and fitted by a second-degree polynomial as shown in Figure 7. The corrected
g-function depicted in Figure 8 is generated by multiplying the correction function with the
groundwater g-function and can then be implemented in design programs such as EED or
GEO-HANDlight for the planning of BHEs with groundwater advection, without changing
further calculation methods and without the need for a complex numerical simulation. The
correction function overcomes the deficiency of neglecting the effect of the non-permeable,
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grouted borehole, and thus prevents a temperature change prediction that is too low during
the design phase.
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Since the groundwater g-function for one borehole (Equation (9)), as well as the model
discrepancies, depend chiefly on the Péclet number; Figure 7 shows the correlation of the
required correction based on this parameter. By means of regression analysis, a manage-
able, second-degree polynomial shown in Equation (17) is fitted to the simulation results,
yielding a coefficient of determination of R2 = 0.993. The second-degree polynomial is
acceptable for practical applications and everyday use, since many uncertainties of a similar
order of magnitude are involved while characterizing a BHE with groundwater advection.
Equation (17) is only valid for Péclet numbers from Pe = 0 up to Pe = 10.

fcor(Pe) = −6.11 · 10−3 · Pe2 + 3.68 · 10−1 · Pe + 1 (17)

for 0 ≤ Pe ≤ 10
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3.5. Demonstration Example

To demonstrate the impact of the proposed correction procedure for the design of a
BHE, three examples for typical thermal and hydraulic property data for various geological
materials as given by Sutton et al. [34] are investigated. These are listed in Table 3 as ‘Karst
Limestone’, ‘Sand (Coarse)’, and ‘Gravel’. A fourth example, ‘Gravel (Modified)’, is also
based on the same source but for an increased borehole radius of 0.075 m and a decreased
velocity leading to a Péclet number of 1. The Péclet numbers are calculated according to
Equation (5), as by Sutton et al. [34].

Considering that in this study the infinite MLS model is corrected for the effect of a
grouted borehole only at steady-state conditions, an application with an almost constant
heating or cooling demand is best suited. A typical example with a more or less constant
cooling load is a colocation center, which releases nearly the same amount of heat all year
long. The servers of the University of Applied Sciences are used in an exemplary manner
for the calculation and have a constant power consumption of 8 kW of the uninterrupted
power supply (UPS), as taken from measurement data of 2017 and depicted in Figure 9.
The measurement data is available in the (see supplementary material Table S1: Cooling
load of the servers at Biberach University of Applied Sciences).

The power consumption of the UPS is equivalent to the required cooling load of the
colocation center. The mean undisturbed subsurface temperature next to the colocation
center is assumed to be about 12 ◦C. A maximum temperature increase of the mean fluid
temperature of 10 K is desired in order to guarantee a mean fluid temperature of 22 ◦C,
which is necessary to operate the cooling device of the colocation center.

Using the thermal and hydraulic properties listed in Table 3, a heat injection rate of
8 kW, a thermal resistance of 0.08 (m·K)/W, an undisturbed subsurface temperature of
12 ◦C, and a maximum temperature increase of 10 K, the required borehole depths and
the resulting specific heat injection rates are determined by transforming Equation (14).
Furthermore, the percentage deviation of the aforementioned properties calculated with
and without the proposed correction in Equation (17) are listed as well. The percentage de-
viation expresses the discrepancy between both calculations compared with the calculation
using the uncorrected g-function.
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Table 3. Thermal and hydraulic properties of the subsurface used for the setup of demonstration examples [34].

Material
Thermal

Conductivity λ

Vol. Heat
Capacity cv

Porosity Φ
Darcy Velocity

υDarcy

Borehole
Radius rb

Péclet Number
Pe

W/(m·K) MJ/(m3·K) - m/yr -

Groundwater * 0.60 4.18
Karst limestone * 3.40 13.40 0.275 31.63 0.054 0.09

Sand (coarse) * 0.8 1.40 0.385 23.14 0.054 0.23
Gravel * 0.8 1.40 0.310 945.50 0.054 9.17

Gravel (modified) ** 0.8 1.40 0.310 74.25 0.075 1.00

* as defined in (Sutton et al. 2003), ** based on (Sutton et al. 2003).
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The calculation examples in Table 4 show that considering groundwater flow leads
a shorter borehole required for a given heat demand, i.e., using the MLS model instead
of the finite line source (FLS) model is strongly recommended if advection is present.
However, for rising Péclet numbers, the borehole depth is increasingly underestimated
and thus the specific heat extraction rate is overestimated for grouted boreholes if the MLS
solution is not corrected. For a constant effective thermal conductivity but a rising Péclet
number, i.e., rising contribution by groundwater flow and thus higher Darcy velocity, the
percentage deviation, as well as the absolute deviation, increases rapidly for small Péclet
numbers. In the range of Pe = 0 to 10, the absolute deviation reaches a maximum around
Pe = 2 for the investigated examples and then slowly decreases (Figure 10). The wrong
estimation without correction can also be quantified by missing borehole length. For equal
borehole radii, the percentage deviation of the borehole length varies with the borehole
resistance, since a greater resistance and thus a worse thermal conductivity of the grouting
material leads to a larger overall borehole length. The absolute missing borehole length
caused by ignoring the grouted and sealed borehole is, on the contrary, independent of the
borehole resistance. The percentage deviation and the missing borehole length for the four
demonstration examples are explicitly marked in Figure 10.
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Table 4. Calculation example for the four cases listed in Table 3.

Heat Injection Rate 8.00 kW
Borehole Resistance 0.08 (m·K)/W

Maximum Temperature Change of the Subsurface 10 K

Péclet
Number

Model
Selection

g-
Function

Borehole
Length

Percentage
Deviation of
the Borehole

Length

Specific Heat
Injection Rate

Percentage
Deviation of the
Heat Injection

Rate
- - - m % W/m %

Karst limestone * 0.09
FLS 6.6 383.52 74.39% 20.86 42.66%

IMLS without
correction 3.22 219.93 0.00% 36.38 0.00%

IMLS with correction 3.32 224.60 2.13% 35.62 2.08%

Sand (coarse) *
0.23

FLS 6.6 1226.29 161.34% 6.52 61.74%
IMLS without

correction 2.30 469.24 0.00% 17.05 0.00%

IMLS with correction 2.49 501.66 6.91% 15.95 6.46%

Gravel * 9.17
FLS 6.6 1202.67 1350.07% 6.65 93.10%

IMLS without
correction 0.11 82.94 0.00% 96.46 0.00%

IMLS with correction 0.42 137.10 65.31% 58.35 39.51%

Gravel
(modified) ** 1.00

FLS 6.6 1202.67 414.82% 6.65 80.58%
IMLS without

correction 0.98 233.61 0.00% 34.25 0.00%

IMLS with correction 1.34 2954.67 26.14% 27.15 20.72%

* as defined in (Sutton et al. 2003), ** based on (Sutton et al. 2003).
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4. Conclusions

This paper assesses the suitability of the analytical infinite MLS model for the dimen-
sioning of vertical finite and grouted BHEs with horizontal groundwater advection for
steady-state conditions. Therefore, the relevant aspects for the analytically based determi-
nation of the operating temperature of BHEs are investigated concerning the use of the
infinite MLS model.

The initial step was the investigation of the applicability of established thermal bore-
hole resistance models for BHEs under purely conductive conditions concerning ground-
water advection. Due to the non-radially symmetric temperature distribution around
the borehole, the suitability of the mean borehole temperature for the determination of
the borehole resistance is investigated. It is found that established analytical methods to
determine the borehole thermal resistance as a mean value over the borehole radius can
also be applied to BHEs with groundwater advection.
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In the second phase, the applicability of the infinite MLS model to boreholes of finite
length is evaluated by comparing the g-functions resulting from the infinite and the finite
MLS. For a finite MLS with an isothermal boundary condition, the deviation is less than
5% for BHEs of a depth of 30 m or more, and for Péclet numbers greater than 0.05. Here,
the use of the infinite MLS leads to only slightly larger g-function values and temperature
changes at the borehole wall than the more realistic finite MLS model.

The major discrepancy when applying the infinite MLS model to finite, grouted
BHEs is due to the grouting of the borehole, since the grouting is almost impermeable for
groundwater flow, while the infinite MLS model represents a homogeneous groundwater
flow (also within the borehole region). This discrepancy is investigated by comparing
the infinite MLS model with numerical simulations in an extensive parameter study. The
deviation could be traced back to one main parameter the Péclet number. Using the Péclet
number, a correction function is introduced to overcome the discrepancy of the infinite
MLS model. The described correction procedure allows for a more precise estimation of the
temperature change at the borehole wall for steady-state conditions. A calculation of the
BHE operating temperature that is too optimistic is thereby avoided, which is necessary
to ensure operational safety. It is shown that, depending on the Péclet number, the use of
the infinite MLS model without correction will lead to an underestimation of the required
borehole length.

With the correction function found in this study, the infinite MLS model, together
with established borehole resistance models, has been found to be well-suited for the
dimensioning of finite, vertical, and grouted boreholes in the presence of groundwater
advection for steady-state conditions, boreholes of at least 30 m in length, and Péclet
numbers from 0.05 on. Since the developed correction function is valid for single boreholes
and steady-state conditions only, further development will focus on transient conditions
and borehole fields.
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Nomenclature

cp J/kg·K Heat capacity at constant pressure
fcor - Correction function
Fo - Fourier number (dimensionless time)
g - g-function, dimensionless temperature response
H m Borehole length
I0 - Modified Bessel function of the first kind of order 0
K0 - Modified Bessel function of the second kind of order 0
kf m/s Hydraulic conductivity
Pe - Péclet number, the ratio of advective to diffusive heat transport
.
q W/m Specific heat injection (positive) or extraction (negative)
r m Radius
Rb (m·K)/W Thermal borehole resistance
t s Time
U m/s Velocity
x, y, z m Space coordinates, where the temperature is evaluated
x′, y′, z′ m Space coordinates, where the heat source is located
Greek symbols
α m2/s Thermal diffusivity
Γ - The generalized incomplete gamma function
∆ϑ K Temperature difference
∆ϑ K Mean temperature change
ϑ ◦C Temperature
ϑE,0

◦C Mean undisturbed subsurface temperature
λ W/(m·K) Thermal conductivity
ρ kg/m3 Density
τ s Time at which the heat source is switched on
ϕ - Porosity of the subsurface
ϕ - Angle around the heat source, with ϕ = 0 corresponding to the

direction of the groundwater flow in the plane perpendicular to the
heat source and located behind the heat source in the groundwater
flow direction.

Subscripts:
b Referring to the borehole wall
Darcy Referring to Darcy’s law
eff Referring to the effective physical properties of the subsurface, which

are i.e., volume-weighted unless otherwise specified
End Referring to the state-state condition
grout Referring to the grouting material
IMLS Infinite moving line source
num Referring to the numerical simulation(s)
f Referring to the physical properties of the fluid
FMLS Finite moving line source
s Referring to the physical properties of the solid phase (rock matrix)
Abbreviations:
BHE Borehole heat exchanger
FLS Finite line source
GSHP Ground source heat pump
GW Groundwater
MLS Moving line source
UPS Uninterrupted power supply
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