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BHEs (borehole heat exchangers) are the most common shallow geothermal applications. By approximating the BHE as a line source, semi-analytical models can describe the heat exchange within the
ground. These models though always assume prescribed temperature at the ground surface. This work
presents a formulation which expands existing ﬁnite line source models by implementing a more general
Cauchy-type top boundary condition and in this way, a better estimation of the heat ﬂuxes at the ground
surface. The new formulation is numerically veriﬁed and examined in a dimensionless analysis. It is
demonstrated that the discrepancy to prescribed temperature settings is signiﬁcant near to the ground
surface, and it propagates deeper when groundwater ﬂow is absent and when strong decoupling between the thermal regimes interacting at the land surface is assumed. The new approach shows to be
suited especially for short BHEs, both for more ﬂexible and accurate prediction of the ground thermal
regime as well as for long-term analysis of technological performance.
© 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
The utilization of low-enthalpy geothermal energy focuses on
the shallow subsurface of some hundreds of metres depth. Most
commonly, so-called ground heat exchangers or BHEs (borehole
heat exchangers) are installed. These exchange heat with the
ground by circulating a ﬂuid through tubes installed in vertical
boreholes. BHEs are usually connected to heat pumps deﬁning the
so-called GSHPs (ground source heat pump systems). During the
last decade, the number of BHEs has signiﬁcantly grown, especially
in cities of central and northern Europe, the USA and China [1,2]. In
2015, worldwide annual utilization of GSHPs is estimated to reach
325 PJ [3].
With their number and density growing, there is also rising
interest in improved simulation techniques to characterize and
predict the thermal response in the ground. The most elementary
simulation techniques are based on Kelvin's line source [4,5]. For
example, the semi-analytical, inﬁnite line-source solution is suitable for modelling seasonal energy exchange. It treats the ground as
an initially isothermal, homogeneous medium, where heat is
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transported by conduction only. The BHE is approximated as a
vertical line of inﬁnite length embedded in the ground. Depending
on the net thermal load on the system (net balance between
heating and cooling loads), the line source creates a radial and
expanding temperature gradient during system operation. After a
typical operational life span (between 30 and 50 years), the extent
can be up to tens of metres. On the long term, this may also affect
neighbouring geothermal systems [6e10].
By approximating the ground as inﬁnite conductive system, any
further processes and boundary conditions are neglected. These,
however, have often shown to be crucial, and thus advanced line
source solutions have been proposed. Recent advancements in
analytical BHE modelling focus on improved expressions for more
efﬁcient computer-based implementation, short term simulation
and high time-resolution of operation with discontinuous heat
extraction or injection [11e14]. Li and Lai [15,16] develop techniques to deal with anisotropy and heterogeneity of the surrounding medium with analytical models. One process is advective
heat ﬂux stimulated by horizontal groundwater ﬂow. In fact, many
BHEs are installed in dynamic aquifers, so that even in a
conduction-dominated environment, advection may have a
remarkable inﬂuence on the evolution of ground temperatures
around BHEs [17]. Thermal anomalies are deformed to heat or cold
plumes elongated in downstream groundwater ﬂow direction
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[18,19]. Sutton et al. [20] and Diao et al. [21] showed how to include
horizontal advection in the so-called moving line source [4,22].
Molina-Giraldo et al. [23] included mechanical dispersion, and
Molina-Giraldo et al. [24] introduced a MFLS (moving ﬁnite line
source). Even if BHEs are installed in long boreholes, the simulation
as ﬁnite lines is more accurate and especially axial effects at the
borehole toe can be considered [25e28]. Thermal anomalies would
be overestimated when modelling a BHE as inﬁnite, whereas the
calculation error increases the shorter the BHE is.
Existing BHE models implement the top boundary of the line
source as Dirichlet-type (1st-kind) boundary condition, either as
ﬁxed [6,21,24] or time-dependent temperature [29,30]. Even if
formulations with 1st-kind condition can consider variations in
space and time, they represent general simpliﬁcations of the situation in the ﬁeld. For example, when the ground surface temperature is assumed to be equal to the atmospheric temperature, the
isolating effect of snow cover is ignored [31,32]. Generally, the SAT
(surface air temperature) is more accessible and better monitored
than the GST (ground surface temperature). Existing models often
take the SAT as an approximation for the GST neglecting the
different behaviours and coupling of both temperature ﬁelds [33].
As an alternative, the Cauchy-type or 3rd-kind boundary condition
assumes a linear heat transfer rate between the subsurface's upper
layer and the atmosphere. This boundary formulation represents, in
a more realistic manner, the thermal regime near to the ground and
hence constitutes a more general approach for this boundary-value
problem [4,34].
Formulations with Cauchy-type boundary conditions are common in land-surface models (e.g. Refs. [35,36]). Analytical models
have been developed to study land-atmosphere processes but
without including the coupled effect of shallow geothermal systems (e.g. Refs. [37,38]). Cauchy-type boundary conditions are also
applied for simulating shallow geothermal applications such as
ATES (aquifer thermal storage systems), energy piles and veryshallow helical ground heat exchangers [39e43]. However, for
these applications, even simple problems are exclusively solved by
numerical techniques.
This work proposes an alternative analytical model framework
that can handle Cauchy-type boundaries for analysing the thermal
effects of BHEs in the ground. It is fast, can incorporate horizontal
groundwater ﬂow and simulate transient thermal conditions. The
model is numerically veriﬁed and sensitivity analyses are provided
to reveal the role of conduction, advection and boundary settings.
2. Methodology
Fig. 1 schematically shows a vertical proﬁle with a BHE implemented in a 3-D (three-dimensional) semi-inﬁnite space. The BHE
is approximated as a line source with constant heat extraction/injection rate q and length H. It is also assumed constant, isotropic
and homogeneous ﬂow and transport properties of the porous
medium (e.g. Refs. [21,44,45]). This homogenization strategy has
shown to be a good approximation specially in conductiondominated systems (e.g. Refs. [28,46]). For the system depicted in
Fig. 1, the transient temperature distribution is given by the heat
transport equation (e.g. Refs. [4,47]):

vT
þ v$VT ¼ V$ðaVT Þ
vt

(1)

where v is the effective thermal velocity vector with magnitude
v ¼ D ccw . The Darcy ﬂux, D, is assumed uniform and steady. This may
be a strong assumption depending on the speciﬁc case. However, it
is not expected that v plays an important role in the temperature
response close to the ground surface. In other applications
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Fig. 1. BHE represented as a line source in a semi-inﬁnite space with decoupled surface
air temperature (SAT) and ground surface temperature (GST). The red arrows sketch
heat ﬂuxes at the ground surface. Downward ﬂuxes occur when SAT > GST.

characterized by complex hydrogeological conditions, numerical
models are probably the only way around (e.g. Refs. [48,49]). In Eq.
(1), the parameter a represents the effective thermal diffusivity
given by a ¼ lc where l and c are the effective conductivity and
effective volumetric heat capacity of the porous medium,
respectively.
A Neumann-type BC (boundary condition) represents the BHE
by ([4,5])

lim 2prb l

rb /0

vT
¼ q; 0  z  H
vrb

(2)

where rb is the borehole radius. A Cauchy-type BC is imposed at the
ground surface to account for a linear heat transfer between the
subsurface and the atmosphere. In this BC, the heat ﬂux is proportional to the difference between the GST (ground surface temperature) T and the temperature of the medium above the ground Ts
(e.g. SAT). This temperature as well as the initial temperature ﬁeld
are equal to zero in this homogeneous boundary value problem
(Fig. 1):

l



vT 
vT 
I
¼ I½T  ðTs ¼ 0Þ or
¼ hT with h ¼

vz z¼0
vz z¼0
l

(3)

In Eq. (3), I [W m2 K1] is the surface heat transfer coefﬁcient
[4]. The coefﬁcient h [m1] can be regarded as the coupling coefﬁcient between GST and Ts [33]. Theoretically, h can range between
0 (no coupling) and inﬁnite (perfect coupling), representing either
full insulation or a Dirichlet-type BC at the ground surface,
respectively. The assumptions of an initially zero temperature ﬁeld
as well as Ts ¼ 0 may be relaxed by superposing the associated
nonhomogeneous boundary value problem as indicated in Refs.
[29,30].
Compared with the traditionally prescribed Dirichlet-type BC
(T ¼ Ts), Eq. (3) offers a more ﬂexible and realistic representation of
near-surface conditions inﬂuencing the thermal regime around
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BHEs. However, it needs to be emphasized that the new parameter
h for specifying the Cauchy-type BC serves as surrogate of complex
land-atmosphere processes, and so the obtained formulation is still
strongly simplifying (e.g. Refs. [36,50]).
BCs as deﬁned in Eq. (3) are common in numerical heat transport simulations to account for the effect of a rather thin layer that
represents the transition between the domain of interest (i.e. the
ground) and another medium with known temperature (i.e. the
atmosphere) [51]. These known conditions can be transferred to
the boundary of a model by assigning a surface heat transfer coefﬁcient, I ¼ lo/do, where lo is the thermal conductivity and do is the
thickness of the transition layer. One shortcoming of this approach
is that the thermal inertia of the transition layer is neglected. Still, it
is a valuable model for approximating the effect of thin media such
as slabs and pavements within large scale models. These thin layers
reach steady state thermal conditions relatively early, and thus they
do not need to be resolved as layers in the model.
Other near surface conditions such as an unsaturated zone could
be accounted for in a similar way if its capacity to store and release
heat is negligible. In this case, a sufﬁciently approximate approach
may be to resolve the temperature ﬁeld in this zone assuming
saturated conditions (homogenization), since the thermal diffusivity does not change drastically with water content in porous
media. Palmer et al. [40] for instance, based on the experimental
work presented in Refs. [52], argued that thermal effects of an
unsaturated zone are not appreciable for water contents between
20% and 100%. More recently, Simms et al. [53] implemented numerical models to evaluate the effect of soil's thermal properties
heterogeneity on the performance of horizontal ground heat exchangers. For these very shallow systems, their results support the
homogenization approach since the impact of this heterogeneity is
minimal compared with uncertainty of soils' mean thermal properties. In general, close to the ground surface, the imposed BC is
likely more dominant than potential effects induced by changes in
water content [54].
The problem posed in Eqs. (1)e(3) can be solved analytically by
linear superposition in space and time of unitary-instantaneous
heat pulses according to the problem-speciﬁc Green's function.
This is a common procedure for simulating BHEs with simple and
complex Dirichlet-type BCs (e.g. Refs. [29,30,55,56]). In contrast,
Cauchy-type BCs have been implemented only for simulating heat
transfer at the borehole wall but not at the ground surface (e.g. Ref.
[57]). The new analytical solution builds on a line source model and
incorporates Eq. (3) as BC at the ground surface. For the system
shown in Fig. 1 it reads (see also Appendix A, Eq. (A11)):

Tðx; x0 ; tÞ ¼ TMFLS ðx; x0 ; tÞ þ DTh ðx; x0 ; tÞ

(4)

where TMFLS is the temperature calculated by the standard MFLS
(moving ﬁnite line source) [24], and DTh is the contribution associated with Cauchy-type BC effects given by

DTh ðx; x0 ; tÞ ¼
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Depending on the speciﬁc combination of parameters (x,x',t,h,a),
the factor enclosed within the curly brackets in Eq. (5) can generate
arithmetic overﬂow while evaluating the integral. One way around
is to include the exponential factors within the complementary erfc
(error function) through the following substitution (see also
Appendix B, Eq. (B3)):

2
kðh; m; z; rd Þ ¼
rd

where rd2 ¼ ðx  x0 Þ2 þ ðy  y0 Þ2 .

(6)

0

which leads to reformulate Eq. (5) as

DThk ðx; x0 ; tÞ ¼
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(7)
The dimensionless forms of Eq. (4) can be written as





0
0
q X; X ; R; Pe; Fo ¼ qMFLS X; X ; R; Pe; Fo


0
þ Dqh X; X ; R; Pe; Fo; Hh

(8)

where q refers to dimensionless temperature. Alternatively, Dqh can
be expressed as Dqhk to avoid arithmetic overﬂow, and both formulations are included in the Appendix C (Eqs. (C1)e(C3)). In Eq.
clet
(8), the indicated dimensionless numbers including the Pe
number Pe and the Fourier number Fo, are deﬁned as follows

 


0
0
0
vH
at
; Fo ¼ 2 ;
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a
H

0
0
0
1
r
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¼
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H

Pe ¼

(9)
Eqs. (8)e(9) are employed in the next chapter to examine the
effect of the two boundary formulations on thermal plume evolution around a BHE (i.e. on Dqh and qMFLS). Additionally, potential
implications of simulation with Cauchy-type BC on optimal BHE
sizing are addressed. For this, it is necessary to estimate the borehole wall temperature, which can be expressed through so-called
‘g-functions’ as introduced by Eskilson [28,44] and thoroughly
discussed in Refs. [58,59]. For single BHEs, an accepted metric for
this temperature is the mean borehole wall temperature (calculated with the ﬁnite line source model) as deﬁned by Zeng et al. [45]
and reformulated by Lamarche and Beauchamp [60]. Here, it is
proposed an alternative formulation for the mean borehole wall
temperature TMFLS which is based on the approach presented in
Refs. [29,61]:

exp hz þ

TMFLS

(5)
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(10)

0

where dd is the differential angle in cylindrical coordinates and
TMFLS is evaluated at the borehole radius. This alternative formulation reads:
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where Eqs. (3) and (4) are merged taking into account that TMFLS is
always zero at the top surface, and the assumption Ts ¼ 0 (homogeneous boundary-value problem). The triple integral in Eq. (16)
can be simpliﬁed as follows [62]:

hqH 2
pðz ¼ 0; tÞ ¼
4

Z∞
H2
4at
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"  #


1
hH 2 1
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erfc
exp
p
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2
4
2 4
42

 expðhHÞerfc
(11)

where Rb ¼ rHb and I0 is the modiﬁed Bessel function of ﬁrst kind and
of order zero. Since our interest is to quantify the net effect of Eq. (3)
in the mean borehole temperature, Eq. (11) will be compared with
an analogous expression derived from DTh (Eq. (5)):

DTh ¼

1
2prb H

Z2p ZH
DTh rb dzdd ¼
0

0

1
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0
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or alternatively in terms of the function k (Eq. (6)):

pðz ¼ 0; tÞ ¼

hqH 2
4

Z∞
H2
4at

1
½kðh; 0; 0; HÞ  kðh; H; 0; HÞd4
42

(18)

The dimensionless form of the total power is then
P(Fo, Hh) ¼ p(z ¼ 0,t)/qH where Fo (appearing in the lower limit of
the integral) and Hh are deﬁned in Eq. (9).
In the next chapter, the proposed analytical framework is
numerically veriﬁed and its role elucidated via a sensitivity analysis
based on the identiﬁed dimensionless groups. For this, focus is set
on thermal plumes, mean borehole temperatures (g-functions) and
power supplied to the BHE through the top boundary.

(13)
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(14)
Alternatively, the function jðh; H; rb ; 4Þ in Eq. (14) can be
expressed in terms of kðh; m; z; rd Þ (Eq. (6)) as follows:




H pﬃﬃﬃ
2H pﬃﬃﬃ
4  erf
4 þ kðh; H; 0; rb Þ
rb
rb


jk ðh; H; rb ; 4Þ ¼ 2erf

 kðh; 0; 0; rb Þ  kðh; H; H; rb Þ þ kðh; 0; H; rb Þ
(15)
In Eqs. 13e15, the dimensionless groups shown in Eq. (9) can
also be identiﬁed. The corresponding dimensionless forms Dqh , J
and JΚ are listed in Appendix C (Eqs. (C4)e(C6)).
In order to compare Dqh with the dimensionless form of Eq. (11)
(qMFLS ), we have qMFLS ¼ 4lpTMFLS =q.
Finally, a comparison between Dirichlet- and Cauchy-type BCs is
carried out by inspecting their effect on the overall ground energy
balance during BHE operation. Following the analysis in Rivera at al.
[62], the time-dependent power supplied and loss through the top
boundary, pðz ¼ 0; tÞ; is obtained by integrating the vertical heat
ﬂuxes over the entire top surface:

pðz ¼ 0; tÞ ¼

Z∞ Z∞  
Z∞ Z∞
vT
l
dxdy ¼
IðDTh Þz¼0 dxdy
vz z¼0

∞ ∞

∞ ∞

(16)

3. Results and discussion
3.1. Numerical veriﬁcation
A fundamental ﬁrst step for proving the correctness of the
proposed model is its numerical veriﬁcation. For this, the synthetic
setup shown in Fig. 1 is simulated using a ﬁnite element heat
transport model (FEFLOW version 6.2 [51]). Temperature depth
proﬁles (TDPs) are taken at different locations and times, and these
are compared to analytical results obtained by Eqs. (4)e(7).
The physical and thermal properties of the porous medium are
chosen so that they represent typical values for sandy aquifers [17]:
effective porosity ne ¼ 0.25, bulk thermal conductivity
l ¼ 2.4 W m1 K1, and volumetric heat capacity of the porous
medium c ¼ 2.7 MJ K1 m3. For this veriﬁcation, the heat rate at
the borehole is set to q ¼ 30 W m1 (heating) with a length
H ¼ 50 m. The BHE is simulated in FEFLOW via a linear (vertical)
DFE (discrete feature element) that connects multiple nodal sources with equal heat rate (4th kind BC).
FEFLOW allows the implementation of Cauchy-type BC at the
ground surface by assigning an input/output heat transfer coefﬁcient to the upper most numerical layer. In this exercise, this coefﬁcient is I ¼ 1 W m2 K1 which implies a heat exchange rate
h ¼ I/l ¼ 0.4 m1. Additionally, in the numerical model it is
necessary to assign the known temperature of the medium above
the ground to the grid nodes constituting the upper most numerical
slice (i.e. the ground surface). This temperature, as well as the initial
temperature in the domain, are set equal to zero according to the
model assumptions (Fig. 2). The size of the numerical model is
chosen so that lateral and bottom boundary effects are negligible. In
the vertical direction, the 100 m depth synthetic aquifer is discretised in 142 layers with varying thickness. For the ﬁrst 55 m, the
layers are 0.5 m thick in order to resolve properly the top boundary
effects. Then the thickness of the layers is increased to 1 m for
depths between 55 m and 70 m, and to 2 m thickness onwards. In
the horizontal plane, an area of 200 m  100 m is discretised in
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3.2. Effect on the thermal plumes of BHEs

Fig. 2. Parameters for the numerical model in FEFLOW. D is Darcy ﬂux and the heat
extraction rate is q. The initial temperature in the whole domain is zero.

around 8500 nodes with higher density close to the BHE. This
discretization scheme is similar to that applied in Refs. [24,30].
Finally, horizontal groundwater ﬂow is accounted for by lateral
ﬁxed head settings and assuming a Darcy ﬂux of D ¼ 1  107 m/s.
Fig. 3 depicts the temperature proﬁles calculated with both
methodologies, the numerical and the new analytical one. Further
testing revealed that the observed minor discrepancies tend to
decrease with ﬁner discretization in the numerical model. Nevertheless, the shown accuracy is considered sufﬁcient to demonstrate
the capability of the analytical solution to reproduce the features of
the physical model.
For the same study case, Fig. 4aec visualize the components of
Eq. (4) after 20 years of operation. The effect of DTh (Fig. 4a) is
maximal at the junction between the BHE and the ground surface,
where extreme thermal gradients occur. Its intensity diminishes
quickly with radial distance from this junction. The processes and
parameters that control DTh are subsequently analysed through a
dimensional analysis.

The main feature of the proposed new analytical solution is the
possibility to estimate the temperature ﬁeld in the near-surface
domain inﬂuenced by the interaction of both the BHE and the
SAT (surface air temperature). For more insight, a reference scenario is deﬁned that consists of a BHE with H ¼ 100 m installed in
an aquifer with same properties as the study case considered for
the numerical veriﬁcation. The heat extraction rate is kept at
q ¼ 30 W m1 and the groundwater ﬂow is described by
D ¼ 4  107 m/s (seepage velocity of around 50 m/y), which
corresponds to Pe ¼ 70. This is a rather “rule-of-thumb” value for
sandy aquifers [17,63], but it may vary signiﬁcantly for different
cases.
Deﬁning a generally valid benchmark value for the heat ﬂux
coupling coefﬁcient at the ground surface is hardy possible.
Magnitudes can range between low values such as h z 0.05 m1
[64,65] and extremely high ones such h ¼ 23 m1 [42]. Those
reported high values though are likely affected by convective
heat input due to inﬁltrating precipitation through the ground
surface [39]. Among others, variables such as wind velocity,
season of the year (e.g. snow cover) or speciﬁc land use can
potentially change the magnitude of the exchange rate. Taking
the data from Müller et al. [66] for instance, one can estimate a
mean annual heat exchange rate of 0.2 m1 for the city centre of
Oberhausen (Germany), whereas in suburban areas, h ranges
between 2 and 8 m1. In another example, for the city of Nanjing
(China), the records from Tang et al. [67] suggest an annual mean
value for the urbanized area of 0.3 m1. In contrast, the conditions in the rural surrounding are described by around
h ¼ 0.1 m1. For comparison purposes, the reference h value is
chosen to be 0.5 m1 following the estimations in Molson et al.
and Palmer et al. [39,40] for the Borden site close to Toronto
(Canada) and Güven et al. [37] for the site described in Werner
and Kley [64].
In the reference scenario, the parameters and thermal properties are selected so that the dimensionless temperature scale is
equivalent to the absolute scale in  C. The analysis begins by
characterizing Dqh (Eqs. (C1) or (C3)) at the ground surface (z ¼ 0,
y ¼ 0) when the dimensionless groups Pe, Fo and Hh are changed.
Fig. 5 depicts magnitudes of Dqh along the positive x (groundwater
ﬂow) direction, and the BHE is located at x ¼ 0.
In Fig. 5a, the perturbed length downstream of the BHE is shown
at different dimensionless times, Fo. For the reference scenario, the

Fig. 3. Temperature-depth proﬁles (TDPs) for synthetic model calculated with FEFLOW (dots) and the new analytical model (lines) after an operation period of t ¼ 1, 2 and 20 years,
and (a) at 0.5 m and (b) 1 m distance from the BHE; Darcy ﬂux is D ¼ 1  107 m/s (along the x direction), H ¼ 50 m, q ¼ 30 W m1.
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Fig. 4. Temperature ﬁelds in the synthetic model after 20 years for the individual components in Eq. (4): (a) the Cauchy-type BC contribution, DTh(x,x',t), (b) the standard
TMFLS(x,x',t), and (c) the whole (superimposed) solution T(x,x',t). Darcy ﬂux is D ¼ 1  107 m/s (along the x direction); borehole length is H ¼ 50 m, q ¼ 30 W m1 and the BHE is
located at (x ¼ 0, y ¼ 0, z ¼ [0e50]) m. Only the top 25 m of the ground are shown.

curves are calculated after 3 (Fo ¼ 7  104) and 6 (Fo ¼ 1.4  103)
months of operation. The last curve (“∞”) corresponds to the
steady-state thermal conditions, which prevail after approximately
3.5 years for points with steady-state temperatures higher than 0.1
( C) (i.e. distances not longer than 0.40H from the BHE). As expected, Fig. 5a indicates that strength and length of the thermal
anomaly evolve with time, with maximum values at the BHE
location. For the reference scenario, the ground surface is cooled by
the BHE operation reaching at most 2 K in comparison to the
unaffected environment. This anomaly, however, becomes negligible for downstream distances longer than the BHE length (here
100 m).
The magnitudes of the Fo numbers and the closeness among the
depicted curves imply that steady state conditions are reached
relatively fast, especially in the vicinity of the BHE. This is typical for
regions near to continuous sources/sinks or to model boundaries.
However, the time to reach steady conditions also strongly depends
on the magnitude of the Pe number.
The role of groundwater ﬂow (GWF) is analysed in more detail in
Fig. 5b. For this, thermal steady state is assumed and so the
maximum temperature changes are inspected. In comparison with
the reference case (Pe ¼ 70), the absence of GWF (Pe ¼ 0)
strengthens the intensity and shortens the perturbed length of the
thermal anomaly. The magnitude of those changes indicates that, at
the ground surface, the system is relatively insensitive to the
advective transport mechanism: while the Pe number changes from
0 to 139 implying a relative increase in the seepage velocity to

around 100 m/y, the thermal disturbance at the BHE is only affected
by around 0.5 K. Advection also moves the thermal anomaly
downwards. Considering a minimum dimensionless temperature
change of 0.1, the scenario without GWF yields higher changes
within the ﬁrst 0.3H (downstream) from the BHE. This distance can
increase up to 0.4H for the scenario with Pe ¼ 139. This is again a
relatively low change compared with the change in Pe. Moreover,
there exist insigniﬁcant differences between the reference case
(Pe ¼ 70) and the scenario with Pe ¼ 139 beyond x ¼ 0.1H. This is in
general a convenient model feature, since thermal effects from
groundwater ﬂow are not expected close the ground surface.
The impact of changing the heat exchange rate h on the temperature at the ground surface is depicted in Fig. 5c. The proposed
normalized Hh values between 10 and 100 are derived by changing
h between 0.1 and 1 m1 while keeping the reference H ¼ 100 m.
The curves are obtained assuming again steady-state conditions
(Fo ¼ ∞) and Pe ¼ 70. In comparison with the Pe number, Hh has a
higher impact on the induced thermal anomaly, as it is indicated by
the sensitivities in Fig. 5d. By changing Hh from 10 to 100, the
dimensionless temperature at the borehole wall varies by around
1.6 (or 1.6 K) with a maximum of 3.0 for Hh ¼ 10. A lower Hh implies
a higher thermal resistance at the ground surface (or stronger
insulating effect). Since heat is extracted from the ground, the recovery of the cooled ground by vertical heat supply thus is slower.
With higher Hh values, as expected, the effect of Dqh diminishes and
the dimensionless total temperature q approaches qMFLS ¼ 0. The
thermal affected length downstream is also clearly driven by the
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Fig. 5. Dimensionless temperature at the ground surface (y ¼ 0, z ¼ 0) along the normalized x direction for different: (a) Fo numbers tuning the time t, (Pe ¼ 70, Hh ¼ 50) (b) Pe
numbers changing the effective thermal velocity v, (Fo ¼ ∞, Hh ¼ 50) (c) Hh numbers modifying the surface heat exchange rate h, (Fo ¼ ∞, Pe ¼ 70), and (d) relative sensitivities with
respect to Pe and Hh numbers (Fo ¼ ∞, Pe ¼ 70, Hh ¼ 50). Groundwater ﬂows along the x direction (GWF). The BHE is located at x ¼ 0 m.

value of Hh. For the threshold of 0.1 as minimum dimensionless
temperature change, this horizontal distance increases from X ¼ 0.4
(reference with Hh ¼ 50) to more than one borehole length (X  1)
for Hh ¼ 10.
The temporal dynamics of the Cauchy-type BC contribution in
dimensionless form, Dqh, is depicted in Fig. 6 for a ﬁxed point
(x ¼ 0.1H, y ¼ 0) at the ground surface (z ¼ 0). This examined point
thus is in vicinity of the BHE, e.g. at radial or downstream distance
of 10 m for a 100 m borehole. Fig. 6a corresponds to a scenario
without groundwater ﬂow, whereas in Fig. 6b the previous
advective scenario with Pe ¼ 70 (Fig. 5a) is kept. Consistent with
related studies on BHEs, it is shown that groundwater ﬂow accelerates reaching steady state conditions (e.g. Refs. [68,69,73]).
However, the top boundary condition, speciﬁed by Hh, reveals to

be more decisive for the value of the steady-state dimensionless
temperature.
The inﬂuence of the Cauchy-type boundary condition for Dqh is
not only visible at the ground surface. It is also of interest to
characterize its penetration depth and to compare it with the
standard MFLS (moving ﬁnite line source). Fig. 7a illustrates the
variability of Dqh and the ratio Dqh/qMFLS with depth (as temperature
depth proﬁles, TDPs) for the reference scenario at different
dimensionless times, Fo. The responses Dqh, qMFLS are calculated
again at location x ¼ 0.1H and y ¼ 0.
The selected Fo numbers are the same as those shown in Fig. 5a
(3 and 6 months after operation and steady state thermal conditions) in the reference scenario. The steady-state varies with the
horizontal distance from the BHE at which the temperature depth

Fig. 6. Dimensionless temperature Dqh at the ground surface (x ¼ 0.1H, y ¼ 0, z ¼ 0) for: (a) Pe ¼ 0 and (b) Pe ¼ 70. The BHE is located at x ¼ 0 m.
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direction than radially at the ground surface. This can be conﬁrmed
by contrasting the steady-state curves with the distances measured
from the origin of coordinates where Dqh is maximal (Fig. 4). For
example, at the ground surface, Fig. 5a indicates that Dqh is negligible for radial distances larger than H. For the chosen proﬁle,
Fig. 7a reveals that the signal is already negligible for depths of
more than 0.15H.
The second, right axis of Fig. 7a refers to the ratio Dqh/qMFLS,
which serves as measure for the discrepancy associated with
neglecting Cauchy-type BC effects. This discrepancy is notoriously
high for the shallowest part of the domain, where it reaches values
above 100% even for the highest Hh. This discrepancy though
rapidly diminishes with depth. Indeed, at the chosen location of the
proﬁle, the discrepancy is more than 10% only for shallow depths
not larger than 0.07H. Here is important to recall that in these results, the dimensionless numbers are calculated for a reference
borehole length of 100 m. For shorter BHEs, the unitless scales are
shifted and the effect of Dqh could be more relevant (see Fig. 8).
The role of GWF (groundwater ﬂow) on the selected proﬁle is
assessed in Fig. 7b for the reference case under steady state conditions (Fo ¼ ∞). In contrast to Fig. 5b, here the calculated temperatures are more sensitive to GWF. This is due to the fact that the
imposed Cauchy-type boundary condition effect is weaker at
deeper locations and therefore with less control on the heat
transport processes (advection and conduction). This is exempliﬁed
by comparing in Fig. 7b the total temperature change (black lines)
at the ground surface (z ¼ 0) and the analogous change at z ¼ 0.15H.
The fact that stronger GWF leads to generally lower dimensionless
temperature is not surprising, since advection smooths thermal
anomalies and generally enhances heat ﬂuxes (e.g. Ref. [69]). The
trends of the ratio Dqh/qMFLS in Fig. 7b once again highlight that the
different boundary settings have signiﬁcant inﬂuence on the top.
This discrepancy is higher than 10% for the 12% most superﬁcial
part of the domain for the most unfavourable scenario without
GWF.
Finally, the inﬂuence of Hh on Dqh along the vertical direction is
depicted in Fig. 7c. The behaviour is analogous to the one shown in
Fig. 5c (insulation effect), but the damping is so strong that a
relatively low Hh ¼ 10 has an impact higher than 0.1 (K) for depths
not larger than z ¼ 0.1H. Consequently, for the (arbitrary) maximum
discrepancy threshold of 10%, the MFLS model would be an
acceptable approximation for depths larger than z ¼ 0.09H.

Fig. 7. Dqh (black lines e left vertical axis) and ratio Dqh/qMFLS (blue lines e right
vertical axis) at y ¼ 0, x ¼ 0.1H along the normalized z direction for different: (a) Fo
numbers changing the time t, (Pe ¼ 70, Hh ¼ 50) (b) Pe numbers changing the effective
thermal velocity v, (Fo ¼ ∞, Hh ¼ 50) and (c) Hh numbers changing the surface heat
exchange rate h, (Fo ¼ ∞, Pe ¼ 70).

proﬁle is taken. For the chosen proﬁle, and the conditions of the
reference case, steady-state is reached after approximately 2 years
of operation. By comparing Figs. 5a and 7a, it is clear that the
damping of the induced thermal anomaly is stronger in the vertical

Fig. 8. Maximum normalized depth Z ¼ z/H for Dqh/qMFLS  0.1 at x ¼ 0.1H and y ¼ 0 for
shallow BHEs under negligible groundwater ﬂow.
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The results shown in Fig. 7 were obtained assuming a reference length of H ¼ 100 m. Since Dqh is not linear with respect to
Hh, it is worth quantifying the effect on more shallow BHEs. Fig. 8
shows the maximum normalized depth at which Dqh/qMFLS 0.1
(or 10% discrepancy threshold) assuming no groundwater ﬂow
(unfavourable case) and a thermal proﬁle taken at x ¼ 0.1H and
y ¼ 0. The discrepancy threshold is given as function of Fo and
Hh.
For the considered range of Hh , Fig. 8 indicates that qMFLS is an
acceptable surrogate to q (less than 10% discrepancy) for
normalized depths of z > 0.1H (minor insulation) and z > 0.35H
(strong insulation). Taken for instance an energy pile with
H ¼ 20 m such as the one analysed by Loveridge and Powrie [70]
and the moderate reference case with h ¼ 0.5 m1, Fig. 8 implies
that the MFLS is not acceptable for estimating the temperature
at depths ranging between z ¼ 0 and z ¼ 0.3H ¼ 6 m at the
medium term (Fo  0.1). Of course, the line source model is not
the best approach for describing energy piles, where geometry
and the thermal inertia of the ﬁll material are important issues.
However, since shallower geothermal systems (e.g. energy piles
and coils) are even more affected by the thermal conditions at
the ground surface than BHEs, the proposed Cauchy-type BC
might be suited to improve existing analytical models (e.g. Refs.
[16,56,68,71,72]).

3.3. Effect on the mean borehole wall temperature and total power
supply from the ground surface
Given the generally short noticeable penetration depth of Dqh ,
its effect on BHE sizing is minor for sufﬁciently deep installations.
This is conﬁrmed in Fig. 9, where the ratio Dqh =qMFLS is calculated
after 30 years of operation assuming a borehole radius rb ¼ 0.1 m
and Pe ¼ 0. The ratio is shown as a function of the coefﬁcient h and
for different borehole lengths, H. A scenario without groundwater
ﬂow is chosen as reference, since it maximizes the ratio Dqh/qMFLS
yielding the most disadvantageous conditions for qMFLS as an
approximation for q (Fig. 7b). For these conditions and taking a
short, only 25 m long BHE, for instance, Fig. 9 indicates that the
mean temperature at the borehole can be estimated with the
standard MFLS with an associated error of less than 14% in the
worst case. In comparison with Fig. 8, the effect of Dqh is less

Fig. 9. Ratio Dqh =qMFLS for rb ¼ 0.1 m, Pe ¼ 0 and after 30 years of operation.

appreciable here, because at the borehole wall it is overprint by the
line source heat extraction rate even for rather shallow BHEs.
The effect of the BCs given by Eq. (3) on the total power supplied from the ground surface is assessed in Fig. 10. During BHE
operation, the temperature distribution in the ground is determined by a ground energy balance that considers the harnessed
energy (q), the thermal exhaustion of the subsurface (also the
contribution from groundwater ﬂow), the local geothermal ﬂux
and the vertical heat ﬂuxes at the ground surface [17]. The latter
become more relevant in the long term, but their magnitude
strongly depends on how the boundary condition is simulated. As
Fig. 10 indicates, for the heating reference scenario (q < 0), the
assumption of Dirichlet-type BC (Hh / ∞) implies the maximum
power supply through the top boundary. The ﬁgure also shows
the convergence between Cauchy- and Dirichlet-type BCs when
increasing Hh. As illustration, taking Fo ¼ 0.15 and the Dirichlettype BC, around 40% of the energy extracted by the BHE is provided through the ground surface. This share though diminishes
to around 26% for Hh ¼ 5.
Rivera et al. [62] assumed a Dirichlet-type BC at the ground
surface for carrying out a ground energy balance around a BHE
represented as a ﬁnite line source. It was shown that thermal
reservoir depletion is the main source of power during BHE
operation. Its share however, decreased with time as the contribution from the top boundary becomes relevant (Fig. 10). Implementing a more realistic BC as proposed here, would imply a
smaller power input through the top boundary, which in turn
leads to a longer and more stressed demand of energy from the
reservoir.
4. Conclusions
For having more ﬂexibility at the top boundary, for the
ﬁrst time, a line source based formulation for BHE (borehole heat exchanger) simulation is presented that implements a Cauchy-type boundary condition. An elementary
feature of this type of boundary condition is that a linear
heat transfer across the ground surface is speciﬁed. This
offers advantages in comparison to the more common
ﬁxed temperature assumption for the ground surface,

Fig. 10. Dimensionless total power supply from the ground surface in dimensionless
time, Fo.
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because the degree of coupling between surface air temperature and ground surface temperature can be simulated. The coupling coefﬁcient determines whether the
surface-near thermal regime in the ground is isolated or
fully synchronized with the atmosphere. This is a crucial
point, since operation of BHEs is hardly ever balanced, and
thermal anomalies growing in the ground are partially
replenished by heat ﬂux through the top boundary.
Consequently, accurate and case-speciﬁc handling of this
boundary is desirable.
The presented analytical model is successfully veriﬁed with a
numerical model for simulating the transient threedimensional thermal regime that evolves around a BHE
employed for heat extraction. By comparison with the existing
standard MFLS, it is revealed that in shallow depths the discrepancies between simulated temperatures are considerable.
For the veriﬁcation case, for example it is expected 2e4 K colder
conditions for the Cauchy-type close to the ground surface.
These differences are generally more pronounced when horizontal groundwater ﬂow is absent. Still, the noticeable penetration depth of the top boundary condition is limited and
especially for long BHEs the error introduced by a ﬁxed temperature condition at the top boundary may be acceptable. For
instance, given the BHE of 100 m in the study case, only for the
upper 9 m discrepancies exceed 10% for a measurement point at
a lateral distance of 10 m. The mean borehole wall temperature
is also inspected as commonly modelled by g-functions. It is
shown that the difference from different boundary conditions
are generally smaller than 5% for sufﬁciently long BHEs (>50 m).
The role of appropriate boundary speciﬁcation, however, is
crucial for shorter installations such as energy piles or coils.
Since these are similarly modelled by superimposed Green's
functions, this study reveals that to top boundary has to be
critically dealt with.
Even if the ground surface conditions may not be relevant when
simulating the integral performance of BHEs, regulatory frameworks for shallow geothermal systems generally try to mitigate
induced thermal anomalies. The correct speciﬁcation of the top
boundary thus may be a major concern when consequences on
shallower infrastructure such as drinking water supply networks
are regulated. Furthermore, guidelines for proper long-term BHE
operation emphasize the need for sustainable ground use, and here
the energy balance in the ground plays a major role. Since the
ground heat ﬂux is an elementary component in this balance, near
surface effects are sensible. In the dimensionless analysis it is
revealed that the contribution from the top may be reduced by up
to 35%. Upcoming work will be dedicated to extend the current
solution including the natural geothermal gradient (initial conditions)
and
non-uniformity
in
the
atmospheric/indoor
temperatures.
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Under the conditions described above, Eq. (A1) yields the temperature at any point x and time t. For a continuous line source with
unitary strength and length H, the superposition in space and time
reads:
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In Eq. (A3), the inner integral over
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Appendix A
For an unitary and instantaneous energy pulse released at the
point x0 and time t in a semi-inﬁnite and homogeneous domain
with speciﬁed coupling coefﬁcient h through the top boundary,
Carslaw and Jeager [4] deﬁned the following Green's function:

(A5)
Regarding Eq. (A4), this can be reorganized as follows:
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Taking Eq. (A5) and Eq. (A10) for a given heat injection/extraction rate q, Eq. (A2) becomes:
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Substituting Eq. (A8) in Eq. (A6) we get:
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As common for line source models, groundwater ﬂow is accounted
via the moving source method, i.e. by changing
x with x  vðt  tÞ.
rd2
Furthermore, with the change of variable 4 ¼ 4aðttÞ
, Eq. (A9) becomes:

According to [62], the standard MFLS can be rewritten as:



0  Z∞
r v2 1


0
q
xx
1
exp
exp  4  d
v
TMFLS x; x ; t ¼
8lp
4
4a 4
2a
r2
d
4at





z pﬃﬃﬃ
z  H pﬃﬃﬃ
 2erf
4  erf
4
rd
rd


z þ H pﬃﬃﬃ
 erf
4
d4
rd
A12
Therefore, Eq. (A11) can be split as indicated in Eqs. (4)e(5).
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where the deﬁnition of the complementary error function leads to:
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Using Eq. B3 for instance, the curly bracket in Eq. (5) can be
rewritten as:
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Nomenclature
a: thermal diffusivity (m2 s1)
c: volumetric heat capacity (MJ m3 K1)
Fo: Fourier number
G: Green's function
h: coupling coefﬁcient (m1)
H: borehole length (m)
Hh: dimensionless product H∙h
I: linear heat transfer coefﬁcient (W m2 K1)
I0: modiﬁed Bessel function of ﬁrst kind and of order zero
ne: effective porous medium porosity
p: power (W)
P: dimensionless form of p
clet number
Pe: Pe
D: Darcy velocity (m y1)
q: heat ﬂow rate per unit length (W m1)
rb: borehole radius (m)
rd: horizontal radial distance from the borehole (m)
R: dimensionless form of rd
Rb: dimensionless form of rb
t: time (s)
T: temperature in the porous medium ( C)
To: reference temperature ( C)
v: effective thermal velocity vector (m s1)
v: magnitude of v (m s1)
x: coordinates vector where temperature is evaluated (m)
x0 : coordinates vector where a heat source is released (m)
x, y, z: single space coordinates where temperature is evaluated (m)
x', y’, z’: single space coordinates where heat sources are released (m)
X: dimensionless form of x
X0 : dimensionless form of x’
X,Y,Z: dimensionless form of x, y, z
X0 ,Y0,Z0 : dimensionless form of x0 , y0, z0
Greek symbols

l: thermal conductivity (W m1 K1)
k,j: substitution functions
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Κ,М ,J: dimensionless form of k,m,j
t: time at which a heat pulse is released (s)
q: dimensionless temperature

4; ε; m; d : intermediate or substitution variables

Subscripts

k,Κ: expressed in terms of the functions k,Κ
h: referring to Cauchy-type boundary condition
w: wetting phase
s: ground surface

BC: boundary condition
BHE: borehole heat exchanger
GWF: groundwater ﬂow
GSHP: ground source heat pump
GST: ground surface temperature
MFLS: moving ﬁnite line source
SAT: surface air temperature
TDP: temperature depth proﬁle
Other conventions
x: depth-averaged value of the quantity x

Abbreviations
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