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Travel time and steady shape inversions are complementary methods for tomographic aquifer character-
ization. In this work, a combined procedure is presented that facilitates determination of spatial hydrau-
lic conductivity and specific storage distributions in heterogeneous groundwater systems. The procedure
is applied to a highly heterogeneous sedimentary aquifer analog that is implemented as a two- and three-
dimensional case study in a numerical flow model. By interpreting the observations from multiple sim-
ulated short-term pumping tests, the main hydraulic features of the analog are successfully recon-
structed. The final results demonstrate the encouraging potential of the combined procedure for
identifying the dominant structural elements and composition of sedimentary aquifers. However, limits
derived from the test design of hydraulic travel time tomography in our synthetic case study prevented
us from resolving small scale (10 cm in size) variability of hydraulic conductivity with high discrepancies
(up to 5 orders of magnitude). A better reconstruction of the aquifer hydraulic parameters is expected by
utilizing a larger amount of measurements, which involve more test and observation intervals, although
such a test design would be less feasible for field applications. Still, this newly combined scheme is very
attractive for an up-scaled reconstruction on the sub-meter scale. For the present case study, represen-
tative parameter values could be estimated in a computationally efficient way.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

The mapping of hydraulic subsurface features, as well as their
property estimation and process monitoring, is essential for rigor-
ous analysis of a variety of engineering, geotechnical and hydro-
geological problems within the context of water resources
management (Rubin and Hubbard, 2005). Especially the prediction
of contaminant transport strongly depends on the accuracy of
hydraulic description (Zheng and Gorelick, 2003; Maier et al.,
2009). Hence, it is important to develop investigation methods
which allow the characterization of hydraulic subsurface proper-
ties, for example, the continuity of preferential flow paths or the
presence of hydraulic barriers (Poeter and McKenna, 1995). How-
ever, the characterization of aquifers is often insufficient to predict
detailed transport processes even at well-instrumented groundwa-
ter research test sites (Butler, 2005; Teutsch et al., 1998; Farrell
et al., 1994).

A new approach, termed hydraulic tomography, which has
evolved from the concept of medical and geophysical tomography,
has been developed over the last approximately fifteen years (e.g.
Gottlieb and Dietrich, 1995; Butler et al., 1999; Bohling et al.,
ll rights reserved.
2002, 2007; Bohling, 2009; Bohling and Butler, 2010; Yeh and Liu,
2000; Vesselinov et al., 2001a,b; Zhu and Yeh, 2005, 2006; Liu
et al., 2002, 2007; Illman et al., 2008, 2009, 2010; Yin and Illman,
2009; Fienen et al., 2008; Li et al., 2007, 2008; Cardiff et al.,
2009). This approach shows a great potential for reconstructing de-
tailed spatial distributions of hydraulic parameters between wells.
Hydraulic tomography utilizes a series of hydraulic cross-well
interference tests, whereby the wells are separated into hydrauli-
cally isolated sections by means of packer systems or a multi-cham-
ber design. By varying pumping (or injection) intervals and
observation intervals between the tests, a hydraulic tomographic
data set of a large number of transient pressure responses can be re-
corded. Ultimately, by applying an appropriate inverse model to fit
the pressure responses or parts of them, a detailed two- or three-
dimensional reconstruction image that reflects the hydraulic heter-
ogeneity between wells can be derived. Thereby the forward step of
the inversion, i.e. the solution of the stationary or transient ground-
water flow equation, is obtained by a numerical flow model and the
inverse step is performed by a parameter estimator.

An alternative inversion approach, which has successfully been
applied in several studies, is based on the inversion of travel times
of a transient pressure response by solving the eikonal equation in-
stead of the groundwater flow equation (e.g. Vasco et al., 2000;
Vasco and Karasaki, 2006; Kulkarni et al., 2000; Datta-Gupta
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et al., 2001; Brauchler et al., 2003, 2007, 2010, 2011; He et al.,
2006). This approach follows the procedure of seismic ray tomog-
raphy. A travel time integral relates the square root of the peak tra-
vel time of the transient pressure pulse to the inverse square root
of the hydraulic diffusivity for a Dirac point source at the origin.
Thereby, diffusivity is defined as the quotient of hydraulic conduc-
tivity over storage and provides a quantitative measure for the rate
of response during transient flow. The derivation of the travel time
integral is based on the transformation of the transient groundwa-
ter flow equation into an eikonal equation using an asymptotic ap-
proach (Virieux et al., 1994). The eikonal equation can be solved
with ray tracing techniques, which facilitate the calculation of
pressure propagation along trajectories. Ray tracing techniques
are computationally very efficient and allow the inversion of hun-
dreds of travel times derived from hydraulic cross-well short term
tests within a few seconds using a personal computer. However,
the computational efficiency of ray tracing techniques is offset to
some degree by the time involved in the pre-processing of the data
and the results could be influenced by uncertainty when picking
travel times from the field data. Moreover, this method estimates
only the diffusivity, neglecting the separate importance of the dif-
fusivity components, which are hydraulic conductivity and specific
storage.

The steady shape analysis of tomographic pumping tests, pro-
posed by Bohling et al. (2002, 2007), is an attractive complemen-
tary method to the above mentioned travel time inversion. At
steady shape conditions, drawdown varies with time but the
hydraulic gradient does not. Jacob (1963) and Kruseman and de
Ridder (1990) describe the steady-shape flow regime as steady-
radial flow and transient steady-state flow regimes, respectively.
The constant hydraulic gradient is determined mainly by the
pumping conditions and the conductivity distribution within the
area of investigation. Steady shape conditions should be reached
prior to the time when boundary conditions exert significant influ-
ence on the head response. Therefore, this method is well suited for
the evaluation of a large number of hydraulic cross-well tests in a
short time without significant influence from the outer boundary.
The transient data can be analyzed with the computational effi-
ciency of a steady state model to estimate hydraulic conductivity
even though the flow system may be far from true steady-state
conditions. Application of a steady-state model reduces the calcu-
lation time by several orders of magnitude in comparison to stan-
dard inversions of transient data.

In this study we propose a two-step inversion procedure, which
is based on coupling travel time and steady shape inversion. There-
by we follow the suggestions by Bohling et al. (2007). In the first
step, we utilize the computationally efficient hydraulic diffusivity
tomography approach of Brauchler et al. (2003) to construct zones
of constant diffusivity. In the second step, hydraulic conductivity
and specific storage estimates are determined for each zone by
steady shape analysis of tomographic measurements. The com-
bined inversion scheme is tested using two- and three-dimensional
numerical data sets derived from a sedimentary aquifer analog
outcrop study by Bayer (1999).
2. Modeling of short term pumping tests

2.1. Aquifer analog outcrop study

Theoretical numerical studies are often a cost effective way to
develop and evaluate new investigation techniques. However,
transferability into practice can only be evaluated by testing in
the field. Even then, the quality of measured data interpretation
can hardly be assessed exactly as the true field conditions are
not fully known. In order to maximize the expressiveness of
numerical studies, they therefore should simulate field conditions
as realistically as possible. An attractive approach is to make use of
aquifer analogs. Such analogs are often derived from mapping out-
crops and have mainly been used in the petroleum industry for res-
ervoir characterization (Flint and Bryant, 1993). In particular
structural and textural features can be deduced that represent
the characteristics of the hardly accessible reservoir rocks. In
hydrogeology, emphasis is set on outcrop analogs of complex sed-
imentary formations, which are of special interest due to their rel-
evance as hosts of highly productive aquifers. Using such analogs,
detailed inspection of natural heterogeneity of hydraulic properties
is possible (Teutsch et al., 1998; Huggenberger and Aigner, 1999).

The data base of the numerical investigations presented in the
following study, is from the aquifer analog outcrop study close
by the village Herten in SW Germany performed by Bayer (1999)
and published in Bayer et al. (2011). Six parallel profiles of an
unconsolidated sedimentary body with a size of 16 m �
10 m � 7 m are provided. During a period of six months, the gravel
quarry was excavated in a stepwise fashion as the quarry face was
moved back 10 m in total. Every two meters, high resolution pho-
tographs were taken of each exposed face, yielding six parallel
images. The outcrop photographs were then interpreted to yield fa-
cies maps of lithology, using observed texture, sediment grain size,
and GPR (Ground Penetrating Radar) surveys. From a hydrogeolog-
ical perspective, the focus is set on hydrofacies, i.e. zones of similar
hydraulic conductivity and porosity. Hence, for each lithological
unit, laboratory measurements for hydrofacies’ classification were
performed. Maji and Sudicky (2008) present a geostatistical analy-
sis of the generated hydrofacies mosaics. Based on transition prob-
ability Markov chain geostatistics, they interpolated between the
six profiles and translated the gathered information into a three-
dimensional (3-D) hydraulic parameter distribution. The 3-D char-
acterization of the aquifer analog makes the highly resolved
parameter distribution unique with a resolution of 5 cm �
5 cm � 5 cm.

The Herten analog serves as a basis for the numerical ground-
water model, which is utilized in the present study to simulate
short term pumping tests arranged in a tomographic array. The
hydrofacies-specific hydraulic conductivity values are taken from
Bayer (1999) as given in Maji and Sudicky (2008). The specific
storage values are taken from data reported in the literature
(Domenico and Mifflin, 1965). Each main hydrofacies group is
assigned a specific storage value (Table 1). For computational rea-
sons, the analog data set is scaled up to 10 cm � 10 cm � 10 cm,
which means a reduction of the total number of cells from approx-
imately 9 million to approximately 1 million. Fig. 1 shows a 3-D
image of the hydraulic conductivity and specific storage distribu-
tion. Although the resolution reduction and the rigorous definition
of specific storage are a compromise between data quality and
practicability, the images displayed in Fig. 1 still maintain highly
resolved sedimentary structures such as small scale layering and
cross-beddings, which reflect the corresponding hydrofacies
distribution.

2.2. Numerical simulation of hydraulic tests

A groundwater model is set-up using MODFLOW-96
(Harbaugh and McDonald, 1996) to simulate short term pumping
tests arranged in a tomographic array. The aquifer analog data
set with a volume of 16 m � 10 m � 7 m is embedded in the cen-
ter of the model domain on a uniform 10 cm grid. Outside of this
area the mesh is telescopically coarsened and increasing cell
sizes are employed, ranging from 10 cm at the central domain
of interest to 100 m at the model boundaries. The distance from
the center to the constant head boundary is about 600 m. The
hydraulic parameters for the cells of the extended area are the



Table 1
Lithofacies, hydrofacies and their corresponding values for hydraulic conductivities (m s�1) and specific storages (m�1).

Lithofacies code Characterization Hydrofacies code Characterization Hydraulic conductivity (m s�1) Specific storage (m�1)

Gcg, a Gravel Gcgo Gravel,open framework 8.0 � 10�2 3.62 � 10�5

matrix free cGcgo Stone-rich gravel 1
well rounded sGcgo Stone-rich gravel(coarse) 1.0 � 10�3

Gcm gravel cGcm Stone-rich gravel 2.3 � 10�4 4.90 � 10�5

well- to rounded Gcm Sand-rich gravel 2.5 � 10�4

moderate to poor sorting

GSx Gravel/sand mixtures fGcmb Bimodal silt-gravel mixture 6.0 � 10�7 1.02 � 10�4

well sorted and rounded sGcmb Bimodal sand-gravel mixture 4.3 � 10�5

sGcm Sand-rich gravel 6.1 � 10�5

GSx Sand/silt-gravel mixture 1.5 � 10�4

S-x Sand S-x Pure sand accumulation 8.0 � 10�4 2.00 � 10�4
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Fig. 1. Three-dimensional (3-D) images of the up-scaled hydraulic conductivity (a) and specific storage distribution (b) for the Herten aquifer analog .
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arithmetic mean values taken from the aquifer analog data set
(hydraulic conductivity: 2.1 � 10�3 m s�1; specific storage:
6.6 � 10�5 m�1).

Five wells are positioned in the center of the model domain. The
wells are arranged in a five point star configuration, with the four
outer wells located at a distance of 2.5 m from the center well
(Figs. 2a and b). The initial head and the constant head at the
boundaries are set to 0.2 m above the aquifer top, and confined
conditions are confirmed during the simulation of pumping tests.
For each pumping test, the simulation length is 300 s and six stress
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periods with 100 time steps in total are applied to simulate the
drawdown phase.

Fifty-six pumping tests are simulated in this work. The pumping
well is separated in 14 intervals with lengths of 0.5 m. During a
simulated short term pumping test, the water is pumped out of
one interval (each pumping interval consists of 5 cells in the verti-
cal direction and each cell is defined as a pumping cell with 1/5 of
the total pumping rate) and the pressure changes are recorded in
the respective observation wells at all 14 different depths (each
observation interval consists of one single cell with 10 cm cell
thickness) that are arranged regularly over the whole thickness
of the aquifer. The distance between adjacent observation points
is 0.5 m. In successive tests, the pumping interval is changed to
the adjacent interval, so that 14 tests are performed in total within
one pumping well. Each pair of pumping-observation wells deliv-
ers 14 � 14 recorded transient pressure responses, which together
form a cross-well vertical cross section of data (termed profile in
the following) between the two wells. Fig. 2c displays the spatial
position of the test and observation intervals along the test well
and observation well, respectively, and the simulated test-observa-
tion configuration between the two wells is also presented.

For this work, a trial data set is first generated for fast prelimin-
ary testing. The trial data set includes four profiles, where the cen-
ter well of the five point star configuration serves as source and the
four surrounding wells are the observation wells (Fig. 2a). Using
the trial data set and two-dimensional (2-D) travel time inversions,
a strategy based on (i) the inversion of data subsets and (ii) the
inversion of early travel times is developed.

In the subsequent main simulation, the chosen cross-well con-
figurations allowed for the generation of a complete 3-D main data
set. This covers six profiles recorded between each of all possible
pairs of the four outer wells (Fig. 2b). This means that the center
well of the five star configuration is not used.

Different from the first trial data set, this main data set is a com-
plete data set, which covers not only the profiles of the NS and WE
directions, but also the four sides of the five-well area. From the re-
corded pressure responses, the derived travel times are inverted
via a 3-D inversion, applying the developed inversion strategy.
3. Inversion

The proposed inversion scheme couples two different tech-
niques, which are travel time and steady shape inversions. The goal
is to reconstruct the two parameters, hydraulic conductivity and
specific storage, with high accuracy in two and three dimensions.
Hydraulic travel times are governed by the hydraulic diffusivity,
the ratio of hydraulic conductivity to specific storage, whereas
the steady-shape drawdown configuration is determined solely
by hydraulic conductivity. Thus, combining these two approaches
will allow the identification of the two parameters hydraulic con-
ductivity, diffusivity and consequently their ratio, i.e. specific stor-
age. The entire inversion procedure is shown in Fig. 3.

The 2-D trial data set is intended to be utilized for fast prelimin-
ary testing, in order to optimize the travel time inversion strategy
for the 3-D main data set. Testing the travel time inversion based
on specific data subsets is done with the goal to increase the
vertical resolution of the reconstructions. The procedure will be
introduced in detail later in this section. In this context, the prop-
agation of a pressure pulse is a fully three-dimensional diffusion
phenomenon and the inversion of a three-dimensional pressure
pulse, using a two dimensional parameter space, is an approxima-
tion of the real situation. Hence, the 2-D trial data set is a compro-
mise between the possibility of fast preliminary testing and
reliability.

From the full 3-D travel time inversion, both the spatial diffusiv-
ity pattern and the zonation of hydraulic conductivity are derived.
A priori assumptions about the spatial distribution of hydraulic
properties are desirable in order to incorporate (soft) geological
knowledge and to mitigate the ill-posedness of the inverse prob-
lem. For example, sedimentary aquifers such as the inspected
one are typically built up by potentially heterogeneous facies pat-
terns rather than showing continuous property variations. Depend-
ing on the spatial wavelength of the propagation of the pressure
pulse, reconstructed parameter distributions might be character-
ized by smearing effects and ambiguity. In order to overcome this
we exploit the results of the travel time inversion to interpret the
natural zonation of the hydraulic parameters. By this the number



Travel time inversion

Drawdown records from
simulated pumping tests

Inversion of the
whole data

Inversion of the
selected data

Decision for the best
inversion strategy

3-D diffusivity (D)
distribution

Steady shape inversion

ciluardyh
hti

w
noitanoz

D-3
sretsulc

ytivitcudnoc
)

K(

Set-up of a
steady-state model

Calculated head
differences between wells

Trial data set (2-D) Main data set (3-D)

Observed head
differences
between wells

Model calibration (PEST)

Optimized 3-D hydraulic
conductivity (K) distribution

K / D = specific storage ( )Ss

Aquifer reconstruction
with K, D and Ss

Travel time data set

3-D inversion

Aquifer outcrop analog

Transient forward model
with series of pumping tests

Fig. 3. Flowchart of the entire inversion procedure.

354 R. Hu et al. / Journal of Hydrology 409 (2011) 350–362
of unknowns of the steady shape inversion problem is minimized,
while ensuring a geologically plausible reconstruction. The zona-
tion is implemented in a steady-state model for the next step,
the steady-shape inversion. This new flow model simulates the
same configuration of pumping tests as examined with virtual real-
ity, i.e. the original transient forward model. The model is then cal-
ibrated by adjusting the zoned hydraulic conductivities. This is
done by minimization of head differences between the steady state
zoned model and the transient original model. Based on the opti-
mized hydraulic conductivity distribution from the steady-shape
inversion and the diffusivity distribution from the hydraulic travel
time inversion, the specific storage values can be calculated for the
corresponding zonation and the aquifer can be fully reconstructed
with these three parameters.

In the following, we describe the two inversion techniques and
assess the potential of the combined inversion scheme for spatial
reconstruction and identification of hydraulically significant sub-
surface features, e.g. potential preferential flow paths, and their
properties.

3.1. Travel time based inversion

The key element of the proposed travel time based inversion ap-
proach is a line integral relating the arrival time of a hydraulic sig-
nal to the reciprocal value of diffusivity (Vasco et al., 2000;
Kulkarni et al., 2000):ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tpeakðx2Þ
q

¼ 1ffiffiffi
6
p

Z x2

x1

ds
DðsÞ ð1Þ

where tpeak is the travel time of the peak of a Dirac signal from point
x1 (source) to observation point x2 (receiver) along the arc-length (s)
and D is the diffusivity.

The travel time integral (Eq. (1)) is only valid for an impulse
source (Dirac pulse). However, Vasco et al. (2000) have shown that
the pressure response of a Heaviside source can be transformed
into a pressure response of an impulse source (Dirac source) by dif-
ferentiation of the transient head data. This allows us to apply the
inversion scheme to the pressure responses of constant rate pump-
ing tests. For illustration, Fig. 4a shows a drawdown curve from a
simulated pumping test; Fig. 4b depicts the slope of this drawdown
(m s�1), derived by differentiating, and the percentage (%) of the
maximum amplitude at peak time.

In this work the travel time inversion approach is focused on
the inversion of an early travel time (in the following called travel
time diagnostic). A travel time diagnostic is defined as the time of
occurrence of a certain feature of the transient pressure pulse. For
example, the t � 10% diagnostic is the time at which the pressure
pulse rises to 10% of its ultimate peak value (Fig. 4b). In this sense,
the peak value is defined as the t � 100% diagnostic.

For the inversion of additional travel time diagnostics besides
the peak time, a transformation factor was introduced by Brauchler
et al. (2003):

ffiffiffiffiffiffiffi
ta;d

p
¼ 1ffiffiffiffiffiffiffiffiffiffi

6f a;d

q Z x2

x1

dsffiffiffiffiffiffiffiffiffi
DðsÞ

p ð2Þ

where ta;d is the respective travel time diagnostic and fa;d ¼ tpeak=ta;d
is the related transformation factor. The subscript d denotes a Dirac
source. The transformation factor is defined as follows:

fa;d ¼ �W �a2=3
d

e

 !
ð3Þ

W denotes Lambert’s W function. The head ratio ad enables the
comparison of the peak time with the respective travel time diag-
nostic: hdðr; tÞ ¼ adhdðr; tpeakÞ, where hdðr; tÞ is the hydraulic head
depending on space and time.

In order to test different inversion strategies, 2-D inversions
based on the trial data set and the travel time diagnostic t � 10%
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are carried out first. The inversion yields an estimated diffusivity
distribution (in the following termed tomograms) for each profile
between pumping and observation wells. The decision to use the
travel time diagnostic t � 10% is based on the findings by Brauchler
et al. (2007) and Cheng et al. (2009) that the tomograms based on
the inversion of early travel time diagnostics show more details
about subsurface heterogeneity. As described by Fermat’s princi-
ple, the hydraulic signal prefers to follow the fastest path between
source and receiver. Thus early travel times are more characteristic
for the preferential flow paths. In contrast, later travel times, which
characterize the final part of the signal, reflect the integral behavior
throughout the whole area of investigation.

Another important point for the quality of subsurface transport
predictions is the continuity and interconnectivity of the hydrauli-
cally significant subsurface features. To address this, we introduced
the travel time inversion based on specific data subsets in addition
to the inversion of a whole data set. This specific data subset refers
to selected travel time series from the whole data set, which has a
constraint on the angle between the horizontal and a straight line
connecting the source and receiver (a). As shown in Fig. 5a, purely
horizontal trajectories can only provide information regarding ver-
tical variation because they average out horizontal variations, and
similarly, purely vertical trajectories (if we could obtain them)
would only provide information regarding horizontal variation.
Hence, travel times of trajectories with larger source–receiver an-
gles (e.g. trajectory ‘‘b’’ in Fig. 5b) indicate horizontal velocity
changes (e.g. pinching out of a horizontal layer) and do not contrib-
ute much to the vertical resolution of the layered zones, compared
with the trajectories ‘‘a’’. Under perfect conditions, the latter will
improve the inversion. In practice, however, due to sparse data,
spatially varying trajectory density and data inaccuracy, a poten-
tially ill-posed inverse problem has to be solved (Tarantola,
2005). Under such conditions there is a risk that the gain from
travel times with small information content is masked by the
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non-uniqueness of the inversion solution. This can lead to smear-
ing effects, ambiguity and undesirable artefacts (Becht et al.,
2004; Brauchler et al., 2007).

The aquifer analog in our case, derived from a fluvial unconsol-
idated sedimentary outcrop, is dominated by features that show a
larger extent in horizontal direction than in vertical direction.
Hence we decided to compare different small-angle subsets of
the trial data set for travel time inversion. The best inversion strat-
egy with regard to a certain constraint on |a| will then be adopted
for the full 3-D travel time inversion based on the main data set
(Figs. 2b and 3).

The travel times for the diffusivity reconstructions are inverted
using the software GeoTom3D, which is based on the Bureau of
Mines tomography program 3DTOM (Jackson and Tweeton,
1996). The program was originally developed for seismic ray
tomography and is based on the SIRT (Simultaneous Iterative
Reconstruction Technique) algorithm (Gilbert, 1972) to determine
the seismic velocities by integration of travel times:

t ¼
Z x2

x1

ds
vðsÞ ð4Þ

The similarity between the seismic and hydraulic travel time
inversions (Eq. (2) and (4)) allows us to use the same application
software GeoTom3D to solve hydraulic tomographic problems. In
our case, a model of GeoTom3D will be created with a homoge-
neous starting value for the diffusivity field, which is derived from
the mean values of the measured source–receiver-combinations.
The SIRT and ray bending algorithms are then employed to choose
a diffusivity distribution which minimizes the function J:

J ¼
Xn

i¼1

ffiffiffiffiffi
tm

i

q
�

ffiffiffiffi
te

i

q� �2

; ð5Þ

where te
i and tm

i are the estimated and measured travel times for the
ith measurement, respectively, and n is the number of measure-
ments. A detailed derivation of the SIRT algorithm with regard to
the inversion of transient pressure responses is given in Appendix A.

Eqs. (2) and (4) are converted to a discrete problem by approx-
imating the line integrals with a summation. The summation com-
prises one equation for each cell or unknown, respectively.
Therefore, the number of cells should be adapted to the number
of simulated source–receiver configurations in order to come close
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to an ‘‘even-determined problem’’. In even-determined problems
there is just sufficient information to uniquely determine the mod-
el parameters (Menke, 1989). Furthermore the spatial variability of
the trajectory density has to be taken into account. For cross-well
experiments the trajectory density at the top and the bottom is al-
ways smaller than in the center of the model domain. Hence, in the
tomograms presented in the following the number of cells is al-
ways chosen slightly smaller than the number of available
source–receiver configurations.
3.2. Steady shape inversion

The key point of this study is to combine hydraulic travel time
inversion and the steady shape analysis to separate the D value
into its components K and Ss. Under steady shape conditions, draw-
down varies with time but the hydraulic gradient does not. This
means the head difference between two observation points does
not vary and is characteristic for the K value, prior to the time
when boundary conditions exert significant influence on the head
response. Thus, we use a steady state model to analyze the tran-
sient data to increase the computational efficiency. Since the spe-
cific storage does not have any influence on the head difference,
K is the only parameter to be determined. According to Butler
(1988) and Cooper and Jacob (1946), for a homogeneous confined
aquifer, the time required to reach steady shape conditions for con-
stant-rate pumping tests with fully penetrating wells is given by
t > 100 r2 S 4�1 T�1, where r is the distance from the pumping well
(in our case 2.5 m and 5 m), S is storativity (4.62 � 10�4), and T is
transmissivity (1.47 � 10�2 m2 s�1). With the effects of partial pen-
etration and heterogeneity, the time for the establishment of a
steady shape condition is expected to be not more than 30 s in
our case. Besides that, the response data derived from the transient
model have shown that the steady shape condition has already
been established at approximately 50 s after pumping. For the
steady shape model, we take observed head difference values from
the forward transient model, which are recorded at the 300th
second.

The steady shape inversion is performed with a steady state
flow model set-up using MODFLOW-96 (Harbaugh and McDonald,
1996). The zonation of the hydraulic conductivity field of the stea-
dy sate model is derived from the diffusivity field, which is recon-
structed by travel time inversion (Fig. 3). The steady shape model
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domain can be separated into two parts. The center part reflecting
the five point star configuration with a diagonal length of 5 m and
an aquifer height of 7 m is discretized by voxels with an edge
length of 0.44 m � 0.44 m � 0.44 m. Thereby, the cell length of
the steady shape model is adapted to the voxel length of the
three-dimensional diffusivity reconstruction.

Outside this area the model is extended by about 600 m in order
to avoid any boundary effects. The model edges are represented by
constant head boundaries (Fig. 6).

Using this model, pumping tests with the same configurations
as in the full model based on analog data are simulated. The calcu-
lated steady shape head differences between two observation
points are recorded and compared with those ‘‘observed’’ with
the ‘‘true’’ analog data model. Note that for the steady shape inver-
sion head differences rather than absolute head values are used
(Bohling et al., 2002). Applying the automatic parameter estimator
PEST (Doherty, 2003), the hydraulic conductivity field is found that
minimizes the error between all calculated and observed head dif-
ferences. As standard error measurement the root mean squared
error (RMSE) is taken. Since the value of the RMSE is case-specific,
we introduce the correlation coefficient as another general mea-
sure of goodness of fit.

For the parameter estimation, 392 (14 � 14 + 14 � 14) re-
corded head differences from a series of 28 short term pumping
tests are used. The recorded head differences can be divided into
two directions (Fig. 7). Direction South-North is based on 14
pumping tests with the pumping well P/S. Consistent with the
tomograms of the full data set, the pumping well is screened
every 0.5 m during each pumping test. The head differences gen-
erated by each pumping test are recorded at 14 different depths
between the center well P/C and well P/N. Direction West–East is
recorded using the same set-up between the pumping well P/W
and the observation wells P/E and P/C. Note that there are 43,120
possible head difference pairs from the 56 simulated pumping
tests. For computational efficiency, we did not include all of
the possible data pairs. As introduced in Bohling et al. (2002),
different or more sets of data pairs make little significant differ-
ence in the estimation results, if an already large number of data
pairs are selected.
4. Results

4.1. Travel time based inversion results

The trial data set includes four profiles that form a cross with
the central well P/C serving as the pumping well (Fig. 2a). Travel
time based inversion is applied to arrive at four independently in-
verted profiles. In West–East (WE) and South–North (SN) direction,
the two adjacent profiles each are combined and two composite
tomograms are derived. Tomogram WE represents the recon-
structed aquifer between the wells P/C – P/W and P/C – P/E. Profile
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SN is oriented perpendicularly and based on the profiles between
the wells P/C – P/S and P/C – P/N (Fig. 2a).

Fig. 8b and g display the obtained composite diffusivity tomo-
grams, using the whole data set of travel times. Comparison with
the ‘‘true’’ high resolution aquifer analog data (Fig. 8a and f) reveals
that significant hydraulic features of the aquifer could be recon-
structed. The comparatively coarse resolution of the tomograms
does not allow for the reconstruction of those zones with small
scale variability in hydraulic parameters. However, they capture
in particular the extensive and continuous portions such as the
horizontal low-diffusivity zone in the lower half of the analog.
Even the high diffusivity zone in the center of both analog sections
(bold black lines in Fig. 8a and f) is detected, especially in the SN-
tomogram. However the reconstruction of the laterally continuous
high diffusivity zones in the middle of the aquifer, as well as of the
low-diffusivity zone close to the aquifer top, is still not satisfactory.
In order to improve the interpretation, travel time inversion based
on specific data subsets in addition to the whole trial data set is
suggested. As shown in Fig. 8, the inversion results based on the
trajectories with |a| < 20�, |a| < 30� and |a| < 40� also reflect the
main hydraulically significant features. Additionally, all these
reconstructions indicate that the high permeability zone in the
center of the SN as well as of the WE section is continuous. These
results are in agreement with the findings of Brauchler et al.
(2007), which demonstrated for a synthetic case that the resolution
of horizontally arranged layers can strongly be improved using
data subsets with small source–receiver angles. However, in our
case there is a risk that better characterization of horizontal fea-
tures would occur at the expense of reconstructing vertical or in-
clined structures, since at some depths the aquifer analog is also
highly heterogeneous in the horizontal direction. As a compromise,
the constraint on the source–receiver angle should not be too
strict, and |a| < 40� is chosen for the subsequent full 3-D inversion
of the main data set.

The 3-D inversion with the data subset of |a| < 40� from the
main dataset yields tomograms of a resolution of 8 � 8 � 14 vox-
els. For this application, the procedure takes 10 s on a 3.3 GHz Pen-
tium CPU. Comparison of the reconstructed diffusivity field
(Fig. 9b) with the ‘‘true’’ field (Fig. 9a) shows that, at this resolu-
tion, significant hydraulic features can be reconstructed with ade-
quate precision. The 3-D reconstruction appears to be of higher
quality than the 2-D results illustrated in Fig. 8. An apparent reason
for these differences is that the simulated pressure pulses in fact
propagate in three dimensions. The 2-D inversion of the pressure
responses can hardly reflect 3-D processes and thus it is more an
approximation and can lead to ambiguous results.

4.2. Steady shape inversion results

For the flow model of the following steady shape inversion, the
zonation of equal hydraulic conductivity (Fig. 9c) is defined based
on the results of the 3-D hydraulic travel time inversion (Fig. 9b). A
principal advantage of the introduced zonation is its ability to
overcome the shortcoming of the travel time based inversion ap-
proach to reconstruct discrete changes in hydraulic properties.
The aquifer analog data set, for example, features open framework
gravel layers with a K value of approximately 10�2 m s�1 (some
even of 1 m s�1) deposited next to sand-gravel mixtures with a K
value of 5 � 10�5 m s�1. Fig. 9 (mainly at depths of 3–4 m) shows
that travel time based inversion fails to reconstruct such discrete
changes but reconstructs smoothed interfaces with continuously
changing parameter distributions.

Three clusters of constant diffusivity values are distinguished.
Note that in this study the clusters denote diffusivity classes (i.e.
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Table 2
Initial parameters and value bounds used for the steady shape inversion.

Cluster No. Diffusivity
(m2 s�1)

Hydraulic conductivity (m s�1)

Starting value Lower bound Upper bound

1 >8 1.0 � 10�4 1.0 � 10�7 1
2 <4 1.0 � 10�4 1.0 � 10�7 1
3 4�8 1.0 � 10�4 1.0 � 10�7 1
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‘‘facies’’), whereas zones represent volume elements of the same
diffusivity class. Due to the small number of clusters the derived
model in Fig. 9c consists of three zones, which are fewer than those
of the high-resolution original. Though they are non-uniform, of
different size, and thus replicate the complex composition of the
investigated medium, sediments with identical hydraulic proper-
ties (i.e. of the same hydrofacies) are deposited at different posi-
tions of the aquifer and are separated from each other.

The small number of clusters is chosen in accordance with the
achievable resolution by the diffusivity tomogram, and it facilitates
computationally efficient steady shape inversion. The clusters here
are characterized as follows:

� Cluster 1 represents the highest permeable zones in the center
of the diffusivity tomogram, located between 3 m and 3.5 m as
well as 4.5 m and 5 m above aquifer analog bottom. This
domain is characterized mainly by matrix free gravel, which is
indicated by diffusivity values larger than 8 m2 s�1.
� Cluster 2 covers the lowest permeable area located between

1 m and 3 m above the bottom directly below the high perme-
ability zone represented by Cluster 1. A smaller section is
located close to the top of the aquifer between 5.5 m and 6 m
above bottom. Gravel sand mixtures dominate this cluster, lead-
ing to diffusivity values less than 4 m2 s�1.
� The domain close to the top and bottom of the aquifer analog is

represented by Cluster 3, which denotes intermediate diffusiv-
ity values. In the aquifer analog, this area is mainly character-
ized as sand-rich/stone-rich gravel, which is reflected by
diffusivity values between 4 m2 s�1 and 8 m2 s�1.

The threshold values are chosen in a way that each hydrauli-
cally significant feature is assigned to a different cluster. The thres-
holding could be optimized by incorporating the zonation within
the steady shape inversion scheme as described in Cardiff and
Kitanidis (2009). However this would increase the computational
burden and hence the big advantage of the combination of two cal-
culation efficient inversion schemes could be masked.

Outside of the center part of the model a constant K value of
2 � 10�3 m s�1 for the surrounding aquifer is assigned. Table 2
summarizes the starting values and the upper and lower bounds
used for the steady shape inversion, which is performed using a
steady state model with parameter estimator. This model has a
zonation of K derived from the D-distribution. In each model run,
the parameter estimator optimizes the K values by fitting the cal-
culated head differences to the ‘‘observed head differences’’ ob-
tained from the transient model. The parameter estimation
procedure required 127 model runs on a PC with a 3.33 GHz CPU,
and each run of the steady state model took about 25 s. The mini-
mized root mean square error (RMSE) from the calculated and ob-
served head differences amounts to 0.4 mm and the mean value of
the 392 residuals between calculated and observed head differ-
ences is 4 mm.

The correlation coefficient R of observed and simulated head
differences for the calibrated model is 0.8, which is considered
acceptable keeping in mind the coarse resolution considered for
the tomograms. Table 3 lists the estimated K values as well as
the respective specific storage values for the three clusters. The
specific storage values are calculated as the quotient of hydraulic
conductivity over diffusivity. Additionally the arithmetic and har-
monic means for the zones of the aquifer analog are given. These
means represent the upper and lower bound of the equivalent con-
ductivity of an up-scaled heterogeneous block, respectively (see
e.g. Cardwell and Parsons, 1945). The comparison between the K
values derived from the steady shape inversion with the mean true
value ranges show a good agreement for all of the three clusters.
The estimated values tend to be closer to the arithmetic mean. This
reflects the mostly horizontal orientation of the sedimentary struc-
tures, at a small angle to the direction of the inspected trajectories.
The diffusivity and derived specific storage values also lie in or
close to the expected value ranges except for Cluster 1, which
represents the high-D zone. Apparently, the travel time inversion
approach is not able to reconstruct the full range of diffusivity
within Cluster 1. Fig. 10 shows a histogram of the diffusivity distri-
bution of this cluster. The diffusivity values range from 10�1 to
3 � 104 m2 s�1 with an arithmetic mean of 773 m2 s�1, whereby
the reconstructed diffusivity values range from 8 to 200 m2 s�1

with an arithmetic mean of 20 m2 s�1. The reason for these



Table 3
Arithmetic means (arithm.) and harmonic means (harm.) as ‘‘true’’ values of hydraulic conductivity, specific storage and diffusivity for the three clusters and the corresponding
estimated (est.) values.

Cluster No. Hydraulic conductivity (m s�1) Diffusivity (m2 s�1) Specific storage (m�1)

Arithm. Harm. Est. Arithm. Harm. Est. Arithm. Harm. Est.

1 3.0 � 10�2 1.5 � 10�5 1.7 � 10�2 773 0.2 20 7.7 � 10�5 9.2 � 10�5 8.5 � 10�4

2 1.3 � 10�4 8.9 � 10�5 1.6 � 10�4 1.6 1.0 2.1 9.4 � 10�5 9.0 � 10�5 7.6 � 10�5

3 3.4 � 10�4 2.7 � 10�4 4.0 � 10�4 6.6 5.0 5.8 5.4 � 10�5 5.3 � 10�5 6.9 � 10�5
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Fig. 10. Histogram of the diffusivity distribution of Cluster 1 representing the high-
diffusivity zone in the center of the aquifer analog data set.
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differences is the strong heterogeneous composition of the outcrop
analog data. The stone rich gravel (matrix free hydrofacies cGcg,o
in Table 1) characterized by diffusivity values between 2 � 104

and 3 � 104 m2 s�1 is not arranged in a horizontal layer but is dis-
tributed in small clusters. Numerical and experimental studies per-
formed by Vasco et al. (2000) and Brauchler et al. (2007) have
shown that parameter variations of several orders of magnitude
can be reconstructed. However, for the transformation of the diffu-
sivity equation into the eikonal equation, a hydraulic parameter
distribution is assumed, which varies smoothly with respect to
the spatial wavelength of the propagation of the pressure pulse.
Therefore, the small clusters of stone rich gravel characterized by
extremely high diffusivity values cannot be reconstructed. Never-
theless, the good agreement between the reconstructed and true
hydraulic conductivity values, representing the most significant
hydraulic properties, shows the potential of the combined inver-
sion approach to characterize hydraulic properties of the subsur-
face with high resolution.

5. Conclusions

The potential of a combined hydraulic tomographic inversion
approach is investigated with an aquifer analog outcrop model.
The aquifer analog outcrop model allows one to appraise the po-
tential of the combined tomographic inversion approach by
numerical methods taking into account realistic aquifer heteroge-
neity. The proposed combined hydraulic tomographic inversion
approach consists of two complementary and fast inversion tech-
niques: hydraulic travel time and steady shape inversions.

We utilized the hydraulic travel time based tomography ap-
proach to determine clusters of the analog of constant diffusivity,
and the steady shape inversion allowed the reconstruction of an
average hydraulic conductivity estimate for each cluster. Finally a
specific storage estimate could be calculated for each cluster based
on the diffusivity and hydraulic conductivity estimates for each
cluster.

The comparison with the aquifer analog data shows that the
combined inversion approach allows reliable estimation of hydrau-
lic conductivity. The travel time inversion, however, does not re-
solve the diffusivity distribution of one cluster that represents a
highly heterogeneous part of the analog. Hence the interpreted
specific storage for this cluster is too high. The underestimation
of diffusivity, as well as the overestimation of the specific storage
is due to the test design of hydraulic travel time tomography in
our synthetic case study, which prevented us from resolving small
scale variability of hydraulic conductivity with high discrepancies.
Moreover, the hydraulic travel time based inversion is based on the
transformation of the transient groundwater flow equation into
the eikonal equation using an asymptotic approach. The transfor-
mation is only valid for media that vary smoothly with respect to
the spatial wavelength of the propagation of the pressure pulse.
Beyond this, the voxel size has to be adapted to the number of
available measurements in order to avoid an ill posed inverse prob-
lem. Therefore, the small clusters of stone rich gravel characterized
by high diffusivity values cannot be reconstructed.

Nevertheless it is possible to reconstruct the most significant
hydraulic features by the travel time based inversion approach. A
better reconstruction of the aquifer hydraulic parameters is ex-
pected by utilizing a larger amount of measurements, which in-
volve more test and observation intervals. The zonation approach
can serve as a starting model for further inversion techniques, next
to the proposed inversion steady shape inversion. A promising ap-
proach in unconsolidated sediments is e.g. the coupling with high
resolution direct-push profiling (Butler et al., 2007; Dietrich et al.,
2008; Liu et al., 2009). Coupling this approach will help overcome
the problems of non-uniqueness and uncertainty caused by the
limitations of hydraulic tomography.
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Appendix A. SIRT algorithm

The description of the SIRT algorithm with regard to the inver-
sion of transient pressure responses, given below, is partly based
on the derivation given in Brauchler et al., 2007.

The 3-dimensional propagation of a Dirac source pressure pulse
in the subsurface can be described by a line integral relating the ar-
rival time of a ‘‘hydraulic signal’’ to the reciprocal value of diffusiv-
ity (Vasco et al., 2000; Kulkarni et al., 2000),
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where D is the diffusivity as a function of arc-length along the prop-
agation path (s). ta;d is the respective travel time diagnostic and
fa;d ¼ tpeak=ta;d is the related transformation factor, where tpeak is
the travel time of the peak of a signal from the point x1 (source)
to the observation point x2 (receiver).

The defined integral (A1) can be converted to a discrete inverse
problem by approximating the integral with a summation
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where dij is the distance along trajectory i in cell j and Dj is the aver-
age diffusivity within cell j. In order to solve Eq. (A2) we have ap-
plied an iterative technique, where one equation (one trajectory)
is analyzed at a time. The algorithm requires an initial diffusivity
guess which can be easily determined by a conventional pumping
test. An estimate for
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where Dq
j indicates the estimated diffusivity after the qth iteration.

Note that a single iteration includes an analysis of all trajectories.
The goal of the inversion is to choose a diffusivity distribution
which minimizes for each measured configuration the least squares
discrepancy between the predicted and the measured travel times,
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The above equation corresponds to a minimum energy correc-
tion. Minimizing the function f subject to Eq. (A4) yields an update
of the square root of diffusivity for each cell sampled by that trajec-
tory i. The minimization can be performed by using the Lagrange
multipliers method. Thereby we attempt to minimize the new
function:
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Zeroing the first derivative of the above equation, we get:
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and substituting into Eq. (A4) we get for k:
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We receive the final solution by substituting Eq. (A8) into (A7).
Thus, the minimization leads for a particular trajectory i, in the qth
iteration to the incremental correction:
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After all N trajectories have been analyzed, the corrections are
applied by averaging the incremental corrections of each single cell
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where Mj is the number of trajectories passing through cell j.
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